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BRAIDED BIALGEBRAS OF TYPE ONE
A. ARDIZZONI AND C. MENINI
Abstract. Braided bialgebras of type one in abelian braided monoidal categories are charac-
terized as braided graded bialgebras which are strongly N-graded both as an algebra and as a
coalgebra.
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Introduction
Bialgebras of type one were introduced by Nichols in [Ni]. They came out to play a relevant
role in the theory of Hopf Algebras. In particular, their ”coinvariant” part, called Nichols algebra,
has been deeply investigated, see e.g. [Ro], [AS] and the references therein.
The main purpose of this paper is to study some relevant properties of bialgebras of type one
in the framework of abelian braided monoidal categories.
Let H be a braided bialgebra in a cocomplete and complete abelian braided monoidal category
(M, c) satisfying AB5. Assume that the tensor product commutes with direct sums and is two-
sided exact. Let M be in HHM
H
H . Let T = TH(M) be the relative tensor algebra and let T
c =
T cH(M) be the relative cotensor coalgebra as introduced in [AMS1]. We prove that both T and
T c have a natural structure of graded braided bialgebra and that the natural algebra morphism
F : T → T c, which coincide with the canonical injections on H and M , is a graded bialgebra
homomorphism. Thus its image is a graded braided bialgebra which we denote by H [M ] and call,
accordingly to [Ni], the braided bialgebra of type one associated to H and M .
We would like to outline that a treatment of bialgebras of type one in the case H = 1 can be
found in [Sch]. Following a different approach, that traces back to some Nichols’ original ideas, in
order to characterize braided bialgebras of type one, we develop some relevant properties of graded
algebras and coalgebras. We introduce the definition of strongly N-graded algebras and coalgebras
which is inspired in the second case to [NT].
Given a graded coalgebra (C = ⊕n∈NCn,∆, ε) in M, we can write ∆|Cn as the sum of unique
components ∆i,j : Ci+j → Ci ⊗ Cj where i + j = n. The coalgebra C is defined to be a strongly
1991 Mathematics Subject Classification. Primary 18D10; Secondary 16W30.
Key words and phrases. Braided bialgebras, Monoidal categories, Cotensor Coalgebras.
This paper was written while both authors were members of G.N.S.A.G.A. with partial financial support from
M.I.U.R..
1
2 A. ARDIZZONI AND C. MENINI
N-graded coalgebra when ∆Ci,j : Ci+j → Ci⊗Cj is a monomorphism for every i, j ∈ N. In Theorem
2.22, we prove that the following assertions are equivalent.
(a) C is a strongly N-graded coalgebra.
(b) the canonical morphism ψ : C → T cC0(C1) is a monomorphism.
(c) C0 ⊕ C1 = C0 ∧C C0.
Also the ”dual” notion of strongly N-graded algebra is introduced and a similar result is achieved.
Braided bialgebras of type one are then characterized as braided graded bialgebras which are
strongly N-graded both as an algebra and as a coalgebra.
Assume that H is a braided Hopf algebra in (M, c) with bijective antipode. Using general
results by Bespalov and Drabant (see [Bes] and [BD]), we prove that H [M ] is the Radford-Majid
bosonization
H [M ] = 1
[
M co(H)
]
⋊H
where 1
[
M co(H)
]
is the braided bialgebra of type one associated to 1 and M co(H) in HHYD (M).
Finally we would like to outline that many results are firstly stated and proved in the coalgebra
case. Our choice is motivated by the special feature of this case, due to the lack of the existence
of the coradical in the monoidal context. As far as the algebra case is concerned, we would like to
point out that here we can drop the assumptions of completeness and AB5-condition essentially
because the analogue of Lemma 2.2 doesn’t require these extra conditions. Also proofs in the
algebra case are not given whenever they would have been an easy adaptation of the coalgebra
ones.
Elsewhere we will apply the results of the present paper to study strictly graded bialgebras and
graded bialgebras associated to a (co)algebra homomorphism.
1. Preliminaries and Notations
Let [(X, iX)] be a subobject of an object E in an abelian category C, where iX = i
E
X : X →֒ E is a
monomorphism and [(X, iX)] is the associated equivalence class. By abuse of language, we will say
that (X, iX) is a subobject of E and we will write (X, iX) = (Y, iY ) to mean that (Y, iY ) ∈ [(X, iX)].
The same convention applies to cokernels. If (X, iX) is a subobject of E then we will write
(E/X, pX) = Coker(iX), where pX = p
E
X : E → E/X .
1.1. Monoidal Categories. Recall that (see [Ka, Chap. XI]) a monoidal category is a category
M endowed with an object 1 ∈ M (called unit), a functor ⊗ : M×M → M (called tensor
product), and functorial isomorphisms aX,Y,Z : (X ⊗ Y ) ⊗ Z → X ⊗ (Y ⊗ Z), lX : 1 ⊗ X → X,
rX : X ⊗ 1 → X, for every X,Y, Z in M. The functorial morphism a is called the associativity
constraint and satisfies the Pentagon Axiom, that is the following relation
(U ⊗ aV,W,X) ◦ aU,V⊗W,X ◦ (aU,V,W ⊗X) = aU,V,W⊗X ◦ aU⊗V,W,X
holds true, for every U, V,W,X in M. The morphisms l and r are called the unit constraints and
they obey the Triangle Axiom, that is (V ⊗ lW ) ◦ aV,1,W = rV ⊗W , for every V,W in M.
It is well known that the Pentagon Axiom completely solves the consistency problem arising
out of the possibility of going from ((U ⊗ V ) ⊗W ) ⊗ X to U ⊗ (V ⊗ (W ⊗X)) in two different
ways (see [Mj1, page 420]). This allows the notation X1 ⊗ · · · ⊗ Xn forgetting the brackets for
any object obtained from X1, · · ·Xn using ⊗. Also, as a consequence of the coherence theorem,
the constraints take care of themselves and can then be omitted in any computation involving
morphisms in M.
Thus, for sake of simplicity, from now on, we will omit the associativity constraints.
The notions of algebra, module over an algebra, coalgebra and comodule over a coalgebra can be
introduced in the general setting of monoidal categories. Given an algebraA inM on can define the
categories AM,MA and AMA of left, right and two-sided modules over A respectively. Similarly,
given a coalgebra C in M, one can define the categories of C-comodules CM,MC ,CMC . For
more details, the reader is refereed to [AMS2].
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Definitions 1.2. Let M be a monoidal category.
We say thatM is an abelian monoidal category ifM is abelian and both the functors X⊗(−) :
M→M and (−)⊗X :M→M are additive and right exact, for any X ∈ M.
We say that M is an coabelian monoidal category if Mo is an abelian monoidal category,
where Mo denotes the dual monoidal category of M. Recall that Mo and M have the same
objects but Mo(X,Y ) =M(Y,X) for any X,Y in M.
Given an algebra A in an abelian monoidal category M, there exist a suitable functor ⊗A :
AMA × AMA → AMA and constraints that make the category (AMA,⊗A, A) abelian monoidal,
see [AMS2, 1.11]. The tensor product over A inM of a right A-module V and a left A-module W
is defined to be the coequalizer:
(V ⊗A)⊗W // // V ⊗W
AχV,W // V ⊗A W // 0
Note that, since ⊗ preserves coequalizers, then V ⊗A W is also an A-bimodule, whenever V and
W are A-bimodules.
Dually, given a coalgebra (C,∆, ε) in a coabelian monoidal category M, there exist a suitable
functor C :
CMC × CMC → CMC and constraints that make the category (CMC ,C , C)
coabelian monoidal. The cotensor product over C in M of a right C-bicomodule V and a left
C-comodule W is defined to be the equalizer:
0 // VCW
C ςV,W // V ⊗W // // V ⊗ (C ⊗W )
Note that, since ⊗ preserves equalizers, then VCW is also a C-bicomodule, whenever V and W
are C-bicomodules.
1.3. Graded Objects. Let (Xn)n∈N be a sequence of objects a cocomplete abelian monoidal
categoryM and let
X =
⊕
n∈N
Xn
be their coproduct in M. In this case we also say that X is a graded object of M and that the
sequence (Xn)n∈N defines a graduation on X. A morphism
f : X =
⊕
n∈N
Xn → Y =
⊕
n∈N
Yn
is called a graded homomorphism whenever there exists a family of morphisms (fn : Xn → Yn)n∈N
such that f = ⊕n∈Nfn i.e. such that
f ◦ iXXn = i
Y
Yn
◦ fn, for every n ∈ N.
We fix the following notations:
X (n) =
{
0, for n = 0
⊕
0≤i≤n−1
Xi, for n ≥ 1 and X [n] = ⊕i≥n
Xi, for n ∈ N.
Let σi+1i : X (i)→ X (i+ 1) be the canonical inclusion and for any j > i, define:
σji = σ
j
j−1σ
j−1
j−2 · · ·σ
i+2
i+1σ
i+1
i : X (i)→ X (j) .
Throughout let
πmn : X (n)→ X (m) (m ≤ n), πn : X → X (n) ,
pmn : X (n)→ Xm (m < n), pn : X → Xn,
be the canonical projections and let
σnm : X (m)→ X (n) (m ≤ n), σn : X (n)→ X,
inm : Xm → X (n) (m < n), in : Xn → X,
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be the canonical injections for any m,n ∈ N. For technical reasons we set πmn = 0, σ
n
m = 0 for any
n < m and pmn = 0, i
n
m = 0 for any n ≤ m. Then, we have the following relations:
pnσk = p
n
k , pnik = δn,kIdXk , πnik = i
n
k .
Moreover, we have:
πmn σ
n
k = σ
m
k , if k ≤ m ≤ n, and π
m
n σ
n
k = π
m
k , if m ≤ k ≤ n,
pmn π
n
k = p
m
k , if m < n ≤ k, and σ
m
n i
n
k = i
m
k , if k < n ≤ m,
pmn σ
n
k = p
m
k , if m < k ≤ n, and π
m
n i
n
k = i
m
k , if k < m ≤ n,
pmn πn = pm, if m < n, and σni
n
m = im, if m < n,
πnσk = σ
n
k , if k ≤ n, and πnσk = π
n
k , if n ≤ k,
pmn i
n
m = IdXm , if m < n.
In the other cases, these compositions are zero.
Similarly let
τmn : X [n]→ X [m] (n ≤ m), τn : X → X [n] ,
ζmn : X [n]→ Xm (n ≤ m),
be the canonical projections and let
νnm : X [m]→ X [n] (n ≤ m), νn : X [n]→ X,
λnm : Xm → X [n] (n ≤ m),
be the canonical injection for any m,n ∈ N. For technical reasons we set τmn = 0, ν
n
m = 0 for any
m < n and ζmn = 0, λ
n
m = 0 for any m < n. Then, we have the following relations:
pnνk = ζ
n
k , τnik = λ
n
k .
Moreover, we have:
τmn ν
n
k = ν
m
k , if n ≤ m ≤ k, and τ
m
n ν
n
k = τ
m
k , if n ≤ k ≤ m,
ζmn τ
n
k = ζ
m
k , if k ≤ n ≤ m, and ν
m
n λ
n
k = λ
m
k , if m ≤ n ≤ k,
ζmn ν
n
k = ζ
m
k , if n ≤ k ≤ m, and τ
m
n λ
n
k = λ
m
k , if n ≤ m ≤ k,
ζmn τn = pm, if n ≤ m, and νnλ
n
m = im, if n ≤ m,
τnνk = ν
n
k , if n ≤ k, and τnνk = τ
n
k , if k ≤ n,
ζmn λ
n
m = IdXm , if n ≤ m.
In the other cases, these compositions are zero.
Given graded objects X,Y in M we set
(X ⊗ Y )n = ⊕a+b=n (Xa ⊗ Yb) .
Then this defines a graduation on X⊗Y whenever the tensor product commutes with direct sums.
We denote by
Xa ⊗ Yb
γ
X,Y
a,b
→ (X ⊗ Y )a+b and (X ⊗ Y )a+b
ω
X,Y
a,b
→ Xa ⊗ Yb
the canonical injection and projection respectively. We have∑
a+b=n
(
iXa ⊗ i
Y
b
)
ωX,Ya,b = ∇
[(
iXa ⊗ i
Y
b
)
a+b=n
]
(1)
∑
a+b=n
γX,Ya,b
(
pXa ⊗ p
Y
b
)
= ∆
[(
pXa ⊗ p
Y
b
)
a+b=n
]
(2)
where∇
[(
iXa ⊗ i
Y
b
)
a+b=n
]
denotes the codiagonal morphism associated to the family
(
iXa ⊗ i
Y
b
)
a+b=n
and ∆
[(
pXa ⊗ p
Y
b
)
a+b=n
]
denotes the diagonal morphism associated to the family
(
pXa ⊗ p
Y
b
)
a+b=n
.
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Lemma 1.4. Let X =
⊕
n∈NXn be a graded object in a cocomplete abelian category M. Then, for
every n ∈ N
0→ X [n]
νn−→ X
pin−→ X (n)→ 0 and 0→ X (n)
σn−→ X
τn−→ X [n]→ 0
are splitting exact sequences.
2. Graded and Strongly N-graded Coalgebras
In this section (M,⊗,1) will denote a cocomplete coabelian monoidal category such that the
tensor product commutes with direct sums.
2.1. Recall that a graded coalgebra in M is a coalgebra (C,∆, ε) where
C = ⊕n∈NCn
is a graded object of M such that ∆ : C → C ⊗ C is a graded homomorphism i.e. there exists a
family (∆n)
n∈N
of morphisms
∆Cn = ∆n : Cn → (C ⊗ C)n = ⊕a+b=n (Ca ⊗ Cb) such that ∆ = ⊕n∈N∆n.
We set
∆Ca,b = ∆a,b :=
(
Ca+b
∆a+b
→ (C ⊗ C)a+b
ω
C,C
a,b
→ Ca ⊗ Cb
)
.
A homomorphism f : (C,∆C , εC) → (D,∆D, εD) of coalgebras is a graded coalgebra homomor-
phism if it is a graded homomorphism too.
Lemma 2.2. Let I be a set and let (Xi)i∈I be a family of objects in a cocomplete and complete
abelian category C satisfying AB5. Let Y be an object in C and let f : Y → ⊕i∈IXi be a morphism
such that
pkf = 0 for any k ∈ I,
where pk : ⊕i∈IXi → Xk denotes the canonical projection. Then f = 0.
Proof. See [Po, page 54 and 61]. 
Proposition 2.3. Let (C,∆, ε) be a coalgebra in M which is a graded object with graduation
defined by (Ck)k∈N . Fix n ∈ N. Consider the following assertions.
(i) There exists a morphism
∆n : Cn → (C ⊗ C)n = ⊕a+b=n (Ca ⊗ Cb) such that ∆in = ∇
[
(ia ⊗ ib)a+b=n
]
∆n.
(ii) There exists a family (∆a,b)
a+b=n
of morphisms ∆a,b : Cn → Ca ⊗ Cb such that
(3) ∆in =
∑
a+b=n
(ia ⊗ ib)∆a,b.
(iii) (pa ⊗ pb)∆in = 0, for every a, b ∈ N, a+ b 6= n.
Then (i)⇔ (ii)⇒ (iii) . Furthermore, ifM is also complete and satisfies AB5, then (ii)⇔ (iii).
Proof. (i)⇒ (ii) Set
∆a,b =
(
Cn
∆n→ (C ⊗ C)n
ω
C,C
a,b
→ Ca ⊗ Cb
)
for every a, b ∈ N such that a+ b = n. We have∑
a+b=n
(ia ⊗ ib)∆a,b =
∑
a+b=n
(ia ⊗ ib)ω
C,C
a,b ∆n
(1)
= ∇
[
(ia ⊗ ib)a+b=n
]
∆n = ∆in.
(ii)⇒ (iii) We have
(4) (pa ⊗ pb)
∑
u+v=n
(iu ⊗ iv)∆u,v = δa+b,n∆a,b = ∆a,bpa+bin,
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so that, in view of (3), we obtain
(pa ⊗ pb)∆in = δa+b,n∆a,b, for every a, b ∈ N.
(ii)⇒ (i) Set
∆n =
∑
a+b=n
(
Cn
∆a,b
→ Ca ⊗ Cb
γ
C,C
a,b
→ (C ⊗ C)n
)
.
Then
∇
[
(iu ⊗ iv)u+v=n
]
∆n =
∑
a+b=n
∇
[
(iu ⊗ iv)u+v=n
]
γC,Ca,b ∆a,b =
∑
a+b=n
(ia ⊗ ib)∆a,b = ∆in.
Assume M is also complete and satisfies AB5.
(iii)⇒ (ii) Set ∆a,b = (pa ⊗ pb)∆ia+b for every a, b ∈ N. For every u, v ∈ N, we have
(pu ⊗ pv)
∑
a+b=n
(ia ⊗ ib)∆a,b
(4)
= δu+v,n∆u,v = (pu ⊗ pv)∆in.
since the codomain of ∆in is C ⊗ C = ⊕u,v∈NCu ⊗ Cv and M satisfies AB5, by Lemma 2.2, we
conclude. 
Proposition 2.4. 1) If (C = ⊕n∈NCn,∆, ε) is a graded coalgebra in M, then
(5) (pa ⊗ pb)∆ = ∆a,bpn, for every a, b ∈ N.
2) Assume that M is also complete and satisfies AB5. Let (C,∆, ε) be a coalgebra in M which is a
graded object with graduation defined by (Cn)n∈N . If there exists a family (∆a,b)a,b∈N of morphisms
∆a,b : Ca+b → Ca ⊗ Cb such that (5) holds, then (C = ⊕n∈NCn,∆, ε) is a graded coalgebra in M.
Proof. 1) For every a, b, t ∈ N we have
(pa ⊗ pb)∆it
(3)
= (pa ⊗ pb)
∑
u+v=n
(iu ⊗ iv)∆u,v
(4)
= ∆a,bpa+bin.
Since this equality holds for an arbitrary n ∈ N, we get (5).
2) By (5) we have (pa ⊗ pb)∆in = 0, for every a, b ∈ N, a+ b 6= n. Thus, by Proposition 2.3, C
is a graded coalgebra. 
Proposition 2.5. 1) Let C = ⊕n∈NCn be a graded object of M such that there exists a family
(∆a,b)
a,b∈N
∆a,b : Ca+b → Ca ⊗ Cb,
of morphisms and a morphism ε0 : C0 → 1 which satisfy
(∆a,b ⊗ Cc)∆a+b,c = (Ca ⊗∆b,c)∆a,b+c,(6)
(Cd ⊗ ε0)∆d,0 = r
−1
Cd
, (ε0 ⊗ Cd)∆0,d = l
−1
Cd
,(7)
for every a, b, c ∈ N. Then there exists a unique morphism ∆ : C → C ⊗ C such that (3) holds.
Moreover (C = ⊕n∈NCn,∆, ε = ε0p0) is a graded coalgebra.
2) If C is a graded coalgebra, then ε = εi0p0 so that ε is a graded homomorphism, and we have
that (6) and (7) hold for every a, b, c ∈ N, where ε0 = εi0.
Moreover (C0,∆0 = ∆0,0, ε0 = εi0) is a coalgebra in M, i0 is a coalgebra homomorphism and,
for every n ∈ N, (Cn,∆0,n,∆n,0) is a C0-bicomodule such that pn : C → Cn is a morphism of
C0-bicomodules (C is a C0-bicomodule through p0).
Proof. 1) Since the tensor product commutes with direct sums, we have that C⊗C = ⊕a,b∈N (Ca ⊗ Cb) .
Thus, by the universal property of coproduct there exists a unique morphism ∆ : C → C⊗C such
that (3) holds. By using (3) and (6) we get (∆⊗ C)∆in = (C ⊗∆)∆in, for every n ∈ N and hence
∆ is coassociative. Similarly, by using (3) and (7), we get (C ⊗ ε)∆ = r−1C and (ε⊗ C)∆ = l
−1
C .
In view of (3), by Proposition 2.3, C is a graded coalgebra.
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2) By using (5), we obtain
(pa ⊗ pb ⊗ pc) (∆⊗ C)∆ia+b+c = (∆a,b ⊗ Cc)∆a+b,c
(pa ⊗ pb ⊗ pc) (C ⊗∆)∆ia+b+c = (Ca ⊗∆b,c)∆a,b+c
so that (6) holds true.
From (C ⊗ εC)∆ = r
−1
C , we deduce
(pb ⊗ 1) (C ⊗ εC)∆ia = (pb ⊗ 1) r
−1
C ia.
We compute the first term:
(pb ⊗ 1) (C ⊗ ε)∆ia
(3)
= (pb ⊗ 1) (C ⊗ ε)
∑
u+v=a
(iu ⊗ iv)∆u,v = (Cb ⊗ εia−b)∆b,a−b
and the second one:
(pb ⊗ 1) r
−1
C ia = r
−1
Cb
pbia = δb,ar
−1
Cb
.
Thus we obtain
(Cb ⊗ εia−b)∆b,a−b = δb,ar
−1
Cb
.
Similarly one gets (εCia−b ⊗ Cb)∆a−b,b = δa,bl
−1
Cb
. In particular one has (7).
Let us prove that ε is a graded homomorphism. Let us check that
ε = εi0p0.
Set ε′ := εi0p0. Then
rC (A⊗ ε
′)∆in
(3)
= rC (A⊗ εi0p0)
∑
a+b=n
(ia ⊗ ib)∆a,b = rC (in ⊗ εi0)∆n,0
(7)
= rC (in ⊗ 1) r
−1
Cn
= in.
Since this holds for every n ∈ N, we deduce that rC (A⊗ ε
′)∆ = IdC so that ε
′ is a right counit
for C. Since ε is a counit for C, one gets ε = ε′.
Hence ε is a graded homomorphism.
By applying (6) and (7) to the cases
(a, b, c) = (0, 0, 0) , d = 0,
we get that (C0,∆0 = ∆0,0, ε0 = εi0) is a coalgebra in M.
By applying (6) and (7) to the cases
(a, b, c) = (n, 0, 0) , (0, n, 0) , (0, 0, n) , d = n,
we get that (Cn,∆0,n,∆n,0) is a C0-bicomodule for every n ∈ N. By applying (5) to the cases
(a, b) = (n, 0) and (a, b) = (0, n) , we get the last assertion. 
Lemma 2.6. Let f : (C,∆C , εC) → (D,∆D, εD) be a homomorphism of graded coalgebras in M.
Then
(8) ∆Da,b ◦ fa+b = (fa ⊗ fb) ◦∆
C
a,b, for every n, a, b ∈ N.
Proof. By definition of graded homomorphism, f ◦ iCt = i
D
t ◦ f and hence p
D
n ◦ f ◦ i
C
t = f ◦ p
C
n ◦ i
C
t
for every n, t ∈ N. Therefore pDn ◦ f = fn ◦ p
C
n for every n ∈ N. Using this relation and (5), for
every a, b ∈ N, the equality
(pDa ⊗ p
D
b ) ◦∆D ◦ f ◦ i
C
a+b = (p
D
a ⊗ p
D
b ) ◦ (f ⊗ f) ◦∆C ◦ i
C
a+b
rewrites as ∆Da,b ◦ fa+b = (fa ⊗ fb) ◦∆
C
a,b. 
2.7. Let C be a coalgebra in M. As in the case of vector spaces, we can introduce the wedge
product of two subobjects X,Y of C in M :
(X ∧C Y, i
C
X∧Y ) := Ker[(pX ⊗ pY ) ◦ △C ],
where pX : C → C/X and pY : C → C/Y are the canonical quotient maps. In particular we have
the following exact sequence:
0 // X ∧C Y
iCX∧Y // C
(pX⊗pY )◦△C// C/X ⊗ C/Y.
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Let δ : D → C be a monomorphism which is a homomorphism of coalgebras inM. Denote by (L, p)
the cokernel of δ in M. Regard D as a C-bicomodule via δ and observe that L is a C-bicomodule
and p is a morphism of bicomodules. Let
(D∧
n
C , δn) := ker(p
⊗n∆n−1C )
for any n ∈ N \ {0}. Note that (D∧
1
C , δ1) = (D, δ) and (D
∧2C , δ2) = D ∧C D.
In order to simplify the notations we set (D∧
0
C , δ0) = (0, 0).
Now, sinceM has left exact tensor functors and since p⊗n∆n−1C is a morphism of C-bicomodules (as
a composition of morphisms of C-bicomodules), we get that D∧
n
C is a coalgebra and δn : D
∧nC → C
is a coalgebra homomorphism for any n > 0 and hence for any n ∈ N.
Proposition 2.8. [AMS1, Proposition 2.17] Let δ : D → C be a monomorphism which is a
coalgebra homomorphism in M. Then we have
(9) D∧
m
C ∧C D
∧nC = D∧
m+n
C .
Definition 2.9. Let (C = ⊕n∈NCn,∆, ε) be a graded coalgebra inM. In analogy with the group
graded case (see [NT]), we say that C is a strongly N-graded coalgebra whenever
∆Ci,j : Ci+j → Ci ⊗ Cj is a monomorphism for every i, j ∈ N,
where ∆Ci,j is the morphism defined in Definition 2.1.
Theorem 2.10. Let (C = ⊕n∈NCn,∆, ε) be a graded coalgebra in a cocomplete and complete
coabelian monoidal category M satisfying AB5.
Then:
1) Let n ≥ 2 be such that
(10)
{
there exist 0 ≤ a, b ≤ n− 1 such that a+ b = n
and ∆u,v : Cu+v → Cu ⊗ Cv is a monomorphism for every a ≤ u and b ≤ v
}
0→ C (n)
σn−→ C
(τa⊗τb)∆
−→ C [a]⊗ C [b]
is an exact sequence and
C (n) = C (a) ∧C C (b) .
2) Assume that C is a strongly N-graded coalgebra. Then
(C (n) , σn) = C
∧nC
0 , for every n ∈ N.
Proof. 1) Let n ≥ 2 be such that condition (10) holds true. Let us prove that the following sequence
0→ C (n)
σn−→ C
(τa⊗τb)∆
−→ C [a]⊗ C [b]
is exact. For every 0 ≤ t ≤ n− 1, we compute
(τa ⊗ τb)∆σni
n
t = (τa ⊗ τb)∆it
(3)
=
∑
u+v=t
(τaiu ⊗ τbiv)∆u,v =
∑
u+v=t
(
λau ⊗ λ
b
v
)
∆u,v = 0.
Let g : Y → C be a morphism such that (τa ⊗ τb)∆g = 0. Now, for every a ≤ u and b ≤ v, we
have
0 = (ζua τa ⊗ ζ
v
b τb)∆g = (pu ⊗ pv)∆g
(5)
= ∆u,vpu+vg.
By hypothesis ∆u,v is a monomorphism so that pu+vg = 0. We conclude that
pcg = 0, for every c ≥ n.
Set g = πng and let us prove that g = σng. By Lemma 2.2 this is the case if and only if
pcg = pcσng, for every c ∈ N.
We calculate
pcσng = p
c
ng = p
c
nπng =
{
pcg for every c < n
0 = pcg otherwise.
Thus the required sequence is exact.
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By Lemma 1.4, the following sequence
0→ C (n)
σn−→ C
τn−→ C [n]→ 0
is split exact. Then we have
(C (n) , σn) = ker [(τa ⊗ τb)∆] = ker (τa) ∧C ker (τb) = C (a) ∧C C (b) .
2) Assume that C is a strongly N-graded coalgebra. Let us prove that C (n) = C
∧nC
0 , for every
n ∈ N.
The case n = 0 is trivial. Let us prove the equality above for every n ≥ 1 by induction on n.
If n = 1, by definition, we have C (1) = C0 = C
∧1C
0 .
Let n ≥ 2 and assume that C (t) = C
∧tC
0 for every 0 ≤ t ≤ n−1. By hypothesis we get that condition
(10) holds true for n and hence by 2) we have C (n) = C (a) ∧C C (b) so that, by Proposition 2.8,
we have
C
∧nC
0 = C
∧aC
0 ∧C C
∧bC
0 = C (a) ∧C C (b) = C (n) .

Proposition 2.11. Assume thatM is also complete and satisfies AB5. Let (C = ⊕n∈NCn,∆C , εC)
and (D = ⊕n∈NDn,∆D, εD) be graded coalgebras in M. Let f : C → D be a graded coalgebra
homomorphism. Assume that D is a strongly N-graded coalgebra. Then the following assertions
are equivalent
(a) f0 and f1 are monomorphisms and C is a strongly N-graded coalgebra.
(a′) f0 and f1 are monomorphisms and ∆
C
a,1 : Ca+1 → Ca ⊗ C1 is a monomorphism for every
a ∈ N.
(b) fn is a monomorphism for every n ∈ N.
(c) f is a monomorphism.
(d) f0 and f1 are monomorphisms and (C (n) , σn) = C
∧nC
0 , for every n ∈ N.
(e) f0 and f1 are monomorphisms and (C (2) , σ2) = C
∧2C
0 .
Proof. Recall that, by Lemma 2.6, we have (8).
(a)⇒ (a′) It is trivial.
(a′) ⇒ (b) We proceed by induction on a ≥ 1. For a = 1 there is nothing to prove. Let a ≥ 2
and assume that fa−1 is a monomorphism. Since ∆
C
a−1,1 : Ca+1 → Ca ⊗ C1 is a monomorphism,
in view of (8), we get that fa = f(a−1)+1 is a monomorphism.
(b)⇒ (c) Since f = ⊕n∈Nfn and M satisfies AB5, it is trivial (see e.g. [Po, page 53]).
(c)⇒ (b) Since f is a monomorphism and f ◦ iCn = i
D
n ◦ fn for every n ∈ N, it is clear that each
fn is a monomorphism too.
(b)⇒ (a) Let a, b ≥ 0. In view of (8), ∆Ca,b is a monomorphism as ∆
D
a,b is a monomorphism.
(a)⇒ (d) It follows by Theorem 2.10.
(d)⇒ (e) It is trivial.
(e)⇒ (a) By hypothesis,
ker
[(
τC1 ⊗ τ
C
1
)
∆C
]
=
(
C
∧2C
0 , δ
C
2
)
= (C (2) , σC2 ) = ker
(
τC2
)
so that
Im
[(
τC1 ⊗ τ
C
1
)
∆C
]
= Coker
[
ker
(
τC2
)]
= Im
(
τC2
)
=
(
C [2] , τC2
)
.
Hence there is a monomorphism β : C [2]→ C [1]⊗ C [1] such that
β ◦ τC2 =
(
τC1 ⊗ τ
C
1
)
◦∆C .
For every n ∈ N, we have
β◦λ2n = β◦τ
C
2 ◦i
C
n =
(
τC1 ⊗ τ
C
1
)
◦∆C◦i
C
n
(3)
=
(
τC1 ⊗ τ
C
1
) ∑
a+b=n
(
iCa ⊗ i
C
b
)
◦∆Ca,b =
∑
a+b=n
(
λ1a ⊗ λ
1
b
)
◦∆Ca,b
10 A. ARDIZZONI AND C. MENINI
so that
(11) β ◦ λ2n =
∑
a+b=n
(
λ1a ⊗ λ
1
b
)
◦∆Ca,b.
Let us prove that ∆Ca,b : Ca+b → Ca ⊗ Cb is a monomorphism for every 0 ≤ a, b.
For a = 0 or b = 0 there is nothing to prove as
(
Cn,∆
C
0,n,∆
C
n,0
)
is a C0-bicomodule in view of
Proposition 2.5. Let us check that ∆Ca,b : Ca+b → Ca ⊗ Cb is a monomorphism for every a, b by
induction on n = a+ b.
For n = 1 there is nothing to prove.
For n = 2, since λ10 = 0, we have
β ◦ λ22
(11)
=
∑
a+b=2
(
λ1a ⊗ λ
1
b
)
◦∆Ca,b =
(
λ11 ⊗ λ
1
1
)
◦∆C1,1.
So that, since β and λji are monomorphisms for every j ≤ i, we have
ker
(
∆C1,1
)
= ker
[(
λ11 ⊗ λ
1
1
)
◦∆C1,1
]
= ker
(
β ◦ λ22
)
= 0.
Let n ≥ 3 and assume that ∆Cu,v : Cu+v → Cu ⊗Cv is a monomorphism for every u, v ∈ N with
u+ v < n. Fix a, b ∈ N such that n = a+ b and let h be a morphism inM such that ∆Ca,b ◦ h = 0.
Let us prove that h = 0.
By (6), for every i, j > 0 with n = i+ j, we have(
∆Ci,a−i ⊗ Cb
)
∆Ca,b =
(
Ci ⊗∆
C
j−b,b
)
∆Ci,j , if a ≥ i and hence j ≥ b(
∆Ca,i−a ⊗ Cj
)
∆Ci,j =
(
Ca ⊗∆
C
b−j,j
)
∆Ca,b, if i ≥ a and hence b ≥ j.
In the first case (the other one is analogous) we have
0 =
(
∆Ci,a−i ⊗ Cb
)
∆Ca,bh =
(
Ci ⊗∆
C
j−b,b
)
∆Ci,jh.
Since (j − b) + b = j < n, we have that ∆Cj−b,b is a monomorphism and hence Ci ⊗ ∆
C
j−b,b is a
monomorphism too. Thus ∆Ci,jh = 0 for every i, j > 0 with n = i + j.
Then, since λ10 = 0, we have
β ◦ λ2n ◦ h
(11)
=
∑
i+j=n
(
λ1i ⊗ λ
1
j
)
◦∆Ci,j ◦ h =
∑
i+j=n
i6=0,j 6=0
(
λ1i ⊗ λ
1
j
)
◦∆Ci,j ◦ h = 0
Since β and λ2n are monomorphisms, we get h = 0. 
2.12. The Cotensor Coalgebra. For any object X ∈ M, we can define the cotensor coalgebra
T c (X) as follows. As an object in M it is defined by setting
T c = T c (X) := ⊕p∈NX
⊗p.
Let pa : T (X)→ X
⊗a be the canonical projection and let ε0 := Id1.
Let
∆p,q : X
⊗p+q → X⊗p ⊗X⊗q, for every p, q ∈ N
be the canonical isomorphism, which is unique by Coherence Theorem.
Still by Coherence Theorem and the definitions of ∆d,0 and ∆0,d, one has
[∆p,q ⊗X
⊗r]∆p+q,r = [X
⊗p ⊗∆q,r]∆p,q+r .(
X⊗d ⊗ ε0
)
∆d,0 = r
−1
X⊗d
,
(
u0 ⊗X
⊗d
)
∆0,d = l
−1
X⊗d
so that (6) and (7) hold.
By Proposition 2.5, there there exists a unique morphism ∆T c : T
c → T c ⊗ T c such that (3)
holds i.e.
(12) ∆ ◦ in =
∑
a+b=n
(ia ⊗ ib) ◦∆a,b.
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Moreover (T c,∆T c , εT c = ε0p0 = p0) is a graded coalgebra with graduation defined by (X
⊗p)p∈N.
Let (C,∆C , εC) be a coalgebra in M.
As explained in Section 1, we have that (CMC ,C , C) is a coabelian monoidal category. Further-
more one can see that CMC has also arbitrary direct sums which commute with C .
Therefore we can consider, in the monoidal category (CMC ,C , C), the cotensor coalgebra of an
arbitrary C-bimodule M. We will denote it by(
T c = T cC(M),∆T c , εT c
)
.
Note that
T c = ⊕p∈NM
Cp, ∆T c : T
c → T cCT
c and εT c : T
c → C.
Set
∆T = CςV,W ◦∆T : T
c → T c ⊗ T c and εT c = εC ◦ εT c : T
c → 1,
where CςV,W : T
c
CT
c −→ T c ⊗ T c is the canonical morphism introduced in Section 1.
Proposition 2.13. Let (C,∆C , εC) be a coalgebra in M and let (M,ρ
r
M , ρ
l
M ) be a C-bicomodule.
Let T c = T cC(M) be the cotensor coalgebra. Then T
c = ⊕n∈NT
c
n is a graded coalgebra where
T cn =M
Cn. Moreover we have
∆m,n =

(Mm−1ςMM
n−1), for any m,n ≥ 1;
(Mm−1ρrM ), for any m ≥ 1, n = 0;
(ρlMM
n−1), for any m = 0, n ≥ 1;
∆C , for any m = 0, n = 0.
In particular T c is a strongly N-graded coalgebra.
Proof. It follows by (2.12) and by Proposition 2.3 as (3) is clearly satisfied. 
Remark 2.14. Note that the coalgebra structure T cC(M) in Proposition 2.13 is the same introduced
in [AMS1, Theorem 2.9].
We have the following result.
Notation 2.15. Let δ : D → C be a homomorphism of coalgebras in M. By Proposition [AMS1,
Proposition 1.10], ((D∧
i
C )i∈N, (ξ
j
i )i,j∈N) is a direct system inM whose direct limit carries a natural
coalgebra structure that makes it the direct limit of ((D∧
i
C )i∈N, (ξ
j
i )i,j∈N) as a direct system of
coalgebras.
From now on we set: (D˜C , (ξi)i∈N) = lim−→
(D∧
i
C )i∈N, where ξi : D
∧iC → D˜C denotes the structural
morphism of the direct limit. We simply write D˜ if there is no danger of confusion. We note
that, since D˜ is a direct limit of coalgebras, the canonical (coalgebra) homomorphisms (δi : D
∧iC →
C)i∈N, which are compatible, factorize to a unique coalgebra homomorphism δ˜ : D˜ → C such that
δ˜ξi = δi for any i ∈ N.
Theorem 2.16. [AMS1, Theorems 2.13 and 2.15] Let (C,∆, ε) be a coalgebra in a cocomplete and
complete coabelian monoidal category M satisfying AB5. Let (M,ρrM , ρ
l
M ) be a C-bicomodule.
Let δ : D → E be a monomorphism which is a homomorphism of coalgebras. Let fC : D˜ → C
be a coalgebra homomorphism and let fM : D˜ → M be a morphism of C-bicomodules such that
fMξ1 = 0, where D˜ is a bicomodule via fC . Then there is a unique coalgebra homomorphism
f : D˜ → T cC(M) such that p0f = fC and p1f = fM , where pn : T
c
C(M) → M
n denotes the
canonical projection.
T cC(M)
p0

p1 // M
C D˜
fM
OO
f
gg
fC
oo D
ξ1
oo
0
ffM
M
M
M
M
M
M
M
M
M
M
M
M
M
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Moreover
(13) pn ◦ f = f
Cn
M ◦∆
n−1
eD for any n ∈ N.
Proposition 2.17. [AMS1, Proposition 2.11] Let (C,∆, ε) be a coalgebra inM and let (M,ρrM , ρ
l
M )
be a C-bicomodule. Let T c := T cC(M). Let E be a coalgebra and let α : E → T
c and β : E → T c be
coalgebra homomorphisms. If p1α = p1β, then pnα = pnβ for any n ≥ 1.
Corollary 2.18. Assume that M is also complete and satisfies AB5. Let (C,∆, ε) be a coalgebra
in M and let (M,ρrM , ρ
l
M ) be a C-bicomodule. Let T
c := T cC(M). Let E be a coalgebra and let
α : E → T c and β : E → T c be coalgebra homomorphisms.
Then α = β whenever pnα = pnβ, for n = 0, 1.
Proof. It follows by Proposition 2.17 and Lemma 2.2. 
Proposition 2.19. [AMS1, Proposition 3.3] Let C = ⊕t∈NCt be a graded coalgebra in M. Then
(14) τ⊗n+11 ∆
n
Cib = 0, for every 0 ≤ b ≤ n.
Moreover
C = lim−→(C
∧tC
0 )t∈N.
Theorem 2.20. Let (M,⊗,1) be a cocomplete and complete coabelian monoidal category satisfying
AB5 and such that the tensor product commutes with direct sums.
Let (C,∆, ε) be a coalgebra in M and let (M,ρrM , ρ
l
M ) be a C-bicomodule.
Let B be a graded coalgebra, let gC : B0 → C be a coalgebra homomorphism and let gM : B1 →M
be a morphism in CMC , where B1 ∈
CMC via gC .
Then there is a unique coalgebra homomorphism f : B → T cC(M) such that
pT
c
0 ◦ f = gC ◦ p
B
0 and p
T c
1 ◦ f = gM ◦ p
B
1 .
Moreover f is a morphism of graded coalgebras where
ft =
(
gM ◦ p
B
1
)Ct
◦∆
t−1
B ◦ i
B
t for every t ∈ N
where ∆
t−1
B : B → B
Ct is the t-th iterated comultiplication of B.
Proof. In view of Proposition 2.5, (B0,∆0 = ∆0,0, ε0 = εi0) is a coalgebra in M, i
B
0 is a coalgebra
homomorphism and (B1,∆0,1,∆1,0) is a B0-bicomodule. Moreover, p
B
0 : B → B0 is a coalgebra
homomorphism (see 5) and pB1 : B → B1 is a morphism of B0-bicomodules (B is a B0-bicomodule
through p0).
By Theorem 2.16 applied in the case when δ is the morphism iB0 : B0 → B and by Proposition
2.19, there is a unique coalgebra homomorphism f : B → T cC(M) such that
pT
c
0 ◦ f = gC ◦ p
B
0 and p
T c
1 ◦ f = gM ◦ p
B
1 .
By (13), we have
pT
c
t ◦ f =
(
gM ◦ p
B
1
)Ct
◦∆
t−1
B for any t ∈ N.
Let us prove there is a family (ft)t∈N of morphisms such that
(15) pT
c
t ◦ f = ft ◦ p
B
t .
By (5) we have
(pBa ⊗ p
B
b )∆B = ∆
B
a,bp
B
a+b
By Proposition 2.5, for every n ∈ N, pBn : B → Bn is a morphism of B0-bicomodules and hence of
C-bicomodules via gC . Thus
(pBa Cp
B
b )∆B = ∆
B
a,bp
B
a+b
Hence there is a morphism αt : (B1)
⊗At → Bt such that(
pB1
)C t
◦∆
t−1
B = αt ◦ p
B
t .
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Then αt =
(
pB1
)C t
◦∆
t−1
B ◦ i
B
t . We have
pT
c
t ◦ f =
(
gM ◦ p
B
1
)Ct
◦∆
t−1
B = (gM )
Ct ◦
(
pB1
)Ct
◦∆
t−1
B = (gM )
Ct ◦ αt ◦ p
B
t .
so that (15) holds true for ft := (gM )
Ct ◦ αt = (gM )
Ct ◦
(
pB1
)Ct
◦∆
t−1
B ◦ i
B
t .
Now, f is a morphism of graded coalgebras if and only if f ◦ iBt = i
T c
t ◦ ft, for every t ∈ N. In
view of Lemma 2.2, this is equivalent to prove that pT
c
s ◦ f ◦ i
B
t = p
T c
s ◦ i
T c
t ◦ ft, for every s, t ∈ N
which is trivially true in view of (15). 
Remark 2.21. In the case C = 1, the universal property of the cotensor coalgebra stated in
Theorem 2.20, differs from [Sch, Remark 2.3] where it is proved that there exists a unique graded
coalgebra homomorphism f : B → T cC(M) such that f1 = gM . In fact we need extra assumptions
as AB5 condition in order to establish the uniqueness of f as a coalgebra homomorphism. This
uniqueness allows us to prove that f is graded whenever B is graded.
Theorem 2.22. Let (C = ⊕n∈NCn,∆C , εC) be a graded coalgebra in a cocomplete and complete
coabelian monoidal category M satisfying AB5. Assume that that the tensor product commutes
with direct sums.
Let T c := T cC0(C1) be the cotensor coalgebra. Then there is a unique coalgebra homomorphism
ψ : C → T cC0(C1),
such that pT
c
0 ◦ ψ = p
C
0 and p
T c
1 ◦ ψ = p
C
1 .
Moreover ψ is a graded coalgebra homomorphism with
ψm =
(
pC1
)m
◦∆
m−1
C ◦ i
C
m for every m ∈ N
and the following assertions are equivalent.
(a) C is a strongly N-graded coalgebra.
(a′) ∆Ca,1 : Ca+1 → Ca ⊗ C1 is a monomorphism for every a ∈ N.
(b) ψn is a monomorphism for every n ∈ N.
(c) ψ is a monomorphism.
(d) (C (n) , σCn ) = C
∧nC
0 , for every n ∈ N.
(e) (C (2) , σC2 ) = C
∧2C
0 .
Proof. In view of Proposition 2.5, C1 is a bicomodule over the coalgebra C0 so that we can consider
T cC0(C1). By Theorem 2.20, there is a unique coalgebra homomorphism ψ : C → T
c
C0
(C1) such
that pT
c
0 ◦ ψ = p
C
0 and p
T c
1 ◦ ψ = p
C
1 . Moreover ψ is a morphism of graded coalgebras where
ψt =
(
pC1
)t
◦∆
t−1
C ◦ i
C
t for every t ∈ N
where ∆
t−1
C : C → C
C0 t is the t-th iterated comultiplication of C.
Since, by Proposition 2.13, T c is a strongly N-graded coalgebra, we can apply Proposition 2.11.
We conclude by observing that
ψ0 =
(
pC1
)0
◦∆
0−1
C ◦ i
C
0 = p
C
0 ◦ i
C
0 = IdC0 and ψ1 =
(
pC1
)1
◦∆
1−1
C ◦ i
C
1 = p
C
1 ◦ i
C
1 = IdC1 .

3. Graded and Strongly N-graded Algebras
In this section (M,⊗,1) will denote a cocomplete abelian monoidal category such that the
tensor product commutes with direct sums. Analogous results to those included in Section 2 can
be obtained for graded algebras by a careful ”dualization”. Still we would like to point out that
here we don’t need to assume that M is also complete and satisfies AB5 essentially because the
analogue of Lemma 2.2 with the injections doesn’t require these extra conditions.
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Definition 3.1. Recall that a graded algebra in M is an algebra (A,m, u) where
A = ⊕n∈NAn
is a graded object of M such that m : A ⊗ A → A is a graded homomorphism i.e. there exists a
family (mn)
n∈N
of morphisms
mAn = mn : ⊕a+b=n (Aa ⊗Ab) = (A⊗A)n → An such that m = ⊕n∈Nmn.
We set
mAa,b :=
(
Aa ⊗Ab
γ
A,A
a,b
→ (A⊗ A)a+b
ma+b
→ Aa+b
)
.
A homomorphism f : (A,mA, uA) → (B,mB, uB) of algebras is a graded algebra homomorphism
if it is a graded homomorphism too.
Proposition 3.2. Let (A,m, u) be an algebra in M which is a graded object with graduation
defined by (Ak)k∈N . Fix n ∈ N. The following assertions are equivalent.
(i) There exists a morphism
mn : ⊕a+b=n (Aa ⊗Ab) = (A⊗A)n → An such that pnm = mn∆
[
(pa ⊗ pb)a+b=n
]
.
(ii) There exists a family (ma,b)
a+b=n
of morphisms ma,b : Aa ⊗Ab → An such that
(16) pnm =
∑
a+b=n
ma,b (pa ⊗ pb) .
(iii) pnm(ia ⊗ ib) = 0, for every a, b ∈ N, a+ b 6= n.
Proof. It is analogous to that of Proposition 2.3. 
Proposition 3.3. 1) If (A = ⊕n∈NAn,m, u) is a graded algebra in M, then
(17) m(ia ⊗ ib) = ia+bma,b, for every a, b ∈ N.
2) Let (A,m, u) be an algebra in M which is a graded object with graduation defined by (Ak)k∈N .
If there exists a family (ma,b)
a,b∈N
of morphisms ma,b : Aa ⊗ Ab → An such that (17) holds, then
(A = ⊕n∈NAn,m, u) is a graded algebra in M.
Proof. 1) By definition, we have
ia+bma,b = ia+bma+bγ
A,A
a,b = m∇
[
(iu ⊗ iv)u+v=a+b
]
γA,Aa,b = m(ia ⊗ ib).
2) By the universal property of coproducts there is a unique
mn : ⊕a+b=n (Aa ⊗Ab) = (A⊗A)n → An
such that mnγ
A,A
a,b = ma,b for every a, b ∈ N such that a + b = n. For every n, a, b ∈ N such that
a+ b = n, we have
m∇
[
(iu ⊗ iv)u+v=n
]
γA,Aa,b
= m∇
[
(iu ⊗ iv)u+v=a+b
]
γA,Aa,b = m(ia ⊗ ib)
(17)
= ia+bma,b = inmnγ
A,A
a,b
so that m∇
[
(iu ⊗ iv)u+v=n
]
= inmn. 
Proposition 3.4. 1) Let A = ⊕n∈NAn be a graded object of M such that there exists a family
(ma,b)
a,b∈N
ma,b : Aa ⊗Ab → Aa+b,
of morphisms and a morphism u0 : 1→ A0 which satisfy
ma+b,c (ma,b ⊗Ac) = ma,b+c (Aa ⊗mb,c) ,(18)
md,0 (Ad ⊗ u0) = rAd , m0,d (u0 ⊗Ad) = lAd ,(19)
for every a, b, c ∈ N. Then there exists a unique morphism m : A⊗A→ A such that (17) holds.
Moreover (A⊕n∈N An,m, u = i0u0) is a graded algebra.
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2) If A is a graded algebra then (16) holds, u = i0p0u so that u is a graded homomorphism, and
we have that (18) and (19) hold for every a, b, c ∈ N, where u0 = p0u.
Moreover (A0,m0 = m0,0, u0 = p0u) is an algebra in M, p0 is an algebra homomorphism and,
for every n ∈ N, (An,m0,n,mn,0) is an A0-bimodule such that in : An → A is a morphism of
A0-bimodules (A is an A0-bimodule through i0).
Proof. 1) Since the tensor product commutes with direct sums, we have thatA⊗A = ⊕a,b∈N (Aa ⊗ Ab) .
Thus, by the universal property of coproduct there exists a unique morphism m : A⊗A→ A such
that (17) holds.
The remaining part of the proof is similar to that of Proposition 2.5.
2) It is analogous to Proposition 2.5. 
Given an ideal (I, iI) of an algebra A inM, one can define as for ordinary algebras, the iterated
n-th power In of I in A (see e.g. [AMS2, Example 3.2]).
Definition 3.5. Let (A = ⊕n∈NAn,m, u) be a graded algebra in M. In analogy with the group
graded case, we say that A is a strongly N-graded algebra whenever
mAi,j : Ai ⊗Aj → Ai+j is an epimorphism for every i, j ∈ N,
where mAi,j is the morphism of Definition 3.1.
Proposition 3.6. Let (A = ⊕n∈NAn,mA, uA) and (B = ⊕n∈NBn,mB, uB) be graded algebras in
M. Let f : A → B be a graded algebra homomorphism. Assume that A is a strongly N-graded
algebra.
Then the following assertions are equivalent
(a) f0 and f1 are epimorphisms and B is is a strongly N-graded algebra.
(a′) f0 and f1 are epimorphisms and m
B
a,1 : Ba⊗B1 → Ba+1 is an epimorphism for every a ∈ N.
(b) fn is an epimorphism for every n ∈ N.
(c) f is an epimorphism.
(d) f0 and f1 are epimorphisms and (B [n] , ν
B
n ) = B [1]
n
, for every n ∈ N.
(e) f0 and f1 are epimorphisms and (B [2] , ν
B
2 ) = B [1]
2
.
Proof. It is analogous to that of Proposition 2.11. 
3.7. The tensor algebra. For any object X ∈ M, we can define the tensor algebra T (X) as
follows. As an object in M it is defined by setting
T = T (X) := ⊕p∈NX
⊗p.
Let ip : X
⊗p → T (X) be the canonical injection and let u0 := Id1.
Let
mp,q : X
⊗p ⊗X⊗q → X⊗p+q, for every p, q ∈ N
be the canonical isomorphism, which is unique by Coherence Theorem.
Still by Coherence Theorem and the definitions of md,0 and m0,d, one has
mp+q,r[mp,q ⊗X
⊗r] = mp,q+r[X
⊗p ⊗mq,r].(20)
md,0
(
X⊗d ⊗ u0
)
= rX⊗d , m0,d
(
u0 ⊗X
⊗d
)
= lX⊗d
so that (18) and (19) hold.
By Proposition 3.4, there exists a unique morphism mT : T ⊗ T → T such that (17) holds, i.e.
(21) mT ◦ (ip ⊗ iq) = ip+q ◦mp,q, for every p, q ∈ N.
Moreover (T,mT , uT = i0u0 = i0) is a graded algebra with graduation defined by (X
⊗p)p∈N.
Note that
mT := ⊕p∈N (∇[(mi,j)i+j=p]) : T (X)⊗ T (X)→ T (X),
where ∇[(mi,j)i+j=p] : ⊕i+j=p
(
X⊗i ⊗X⊗j
)
−→ X⊗p denotes the codiagonal morphism associ-
ated to the family (mi,j)i+j=p. Let (A,mA, uA) be an algebra in M.
As explained in Section 1, we have that (AMA,⊗A, A) is an abelian monoidal category. Further-
more one can see that AMA has also arbitrary direct sums which commute with ⊗A.
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Therefore we can consider, in the monoidal category (AMA,⊗A, A), the tensor algebra of an
arbitrary A-bimodule M. We will denote it by
(T = TA(M),mT , uT ) .
Note that
T = ⊕p∈NM
⊗Ap, mT : T ⊗A T → T and uT : A→ T.
Set
mT = mT ◦ AχT,T : T ⊗ T → T and uT = uT ◦ uA : 1→ T,
where AχT,T : T ⊗ T −→ T ⊗A T is the canonical morphism introduced in Section 1.
We have the following result.
Proposition 3.8. Let (A,mA, uA) be an algebra inM and let (M,µ
r
M , µ
l
M ) be an A-bimodule. Let
T = TA(M) be the tensor algebra. Then (T = ⊕n∈NTn,mT , uT ) is a graded algebra in (M,⊗,1),
where Tn = M
⊗An. Moreover we have
mu,v =

(M⊗Au−1 ⊗A χM ⊗A M
⊗Av−1), for any u, v ≥ 1;
(M⊗Au−1 ⊗A µ
r
M ), for any u ≥ 1, v = 0;
(µlM ⊗A M
⊗Av−1), for any u = 0, v ≥ 1;
mA, for any u = 0, v = 0.
In particular T is a strongly N-graded algebra.
Proof. Follows by (3.7) and by Proposition 3.3 as (17) is clearly satisfied. 
We are now able to state the Universal property of the relative tensor algebra.
Theorem 3.9 (Universal property of the relative tensor algebra). Let (M,⊗,1) be a cocomplete
abelian monoidal category such that the tensor product commutes with direct sums.
Let A,B be algebras in M and let fA : A→ B be an algebra homomorphism.
Let M ∈ AMA, and let fM : M → B be a morphism in AMA, where B ∈ AMA via f0.
Then there is a unique algebra homomorphism f : TA(M)→ B such that
M
fM

i1 // TA(M)
f
uu
B A
fA
oo
i0
OO
where i0 : A→ TA(M) and i1 :M → TA(M) are the canonical injections.
Moreover
f ◦ iTt = m
t−1
B ◦ (fM )
⊗At for every t ∈ N,
where mt−1B : B
⊗At → B is the t-th iterated multiplication of B.
When B is a graded algebra the universal property of TA(M) has a graded version which is the
following.
Theorem 3.10. Let (M,⊗,1) be a cocomplete abelian monoidal category such that the tensor
product commutes with direct sums. Let A be an algebra in M and let M ∈ AMA.
Let B be a graded algebra, let gA : A→ B0 be an algebra homomorphism and let gM :M → B1 be
a morphism in AMA, where B1 ∈ AMA via gA.
Then there is a unique algebra homomorphism f : TA(M)→ B such that
f ◦ iT0 = i
B
0 ◦ gA and f ◦ i
T
1 = i
B
1 ◦ gM .
Moreover f is a morphism of graded algebras where
ft = p
B
t ◦m
t−1
B ◦
(
iB1 ◦ gM
)⊗At
for every t ∈ N
and mt−1B : B
⊗At → B is the t-th iterated multiplication of B.
Proof. It is analogous to that of Theorem 2.20. 
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Theorem 3.11. Let (A = ⊕n∈NAn,mA, uA) be a graded algebra in a cocomplete abelian monoidal
category M. Assume that the tensor product commutes with direct sums.
Let T := TA0(A1) be the tensor algebra. Then there is a unique algebra homomorphism
ϕ : TA0(A1)→ A,
such that ϕ ◦ iT0 = i
A
0 and ϕ ◦ i
T
1 = i
A
1 .
Moreover ϕ is a graded algebra homomorphism with
ϕt = p
A
t ◦m
t−1
A ◦
(
iA1
)⊗A0 t for every t ∈ N
and the following assertions are equivalent.
(a) A is a strongly N-graded algebra.
(a′) mAa,1 : Aa ⊗A1 → Aa+1 is an epimorphism for every a ∈ N.
(b) ϕn is an epimorphism for every n ∈ N.
(c) ϕ is an epimorphism.
(d) (A [n] , νAn ) = A [1]
n
, for every n ∈ N.
(e) (A [2] , νA2 ) = A [1]
2.
Proof. It is analogous to that of Theorem 2.22. 
4. Braided Bialgebra Structure of the Cotensor Coalgebra
The main aim of this section is to provide a braided bialgebra structure for the cotensor coalgebra
inside a braided monoidal category. This structure is used to extend the notion of bialgebra of type
one, introduced in the classical case by Nichols in [Ni], to the wider context of a braided monoidal
category (see Definition 6.7). A universal property for the cotensor bialgebra is also proven (see
Theorem 4.7).
4.1. Braided bialgebras. A braided bialgebra in (M, c), is a sextuple (H,m, u,∆, ε) such that
(H,m, u) is an algebra in M, (H,∆, ε) is a coalgebra in M and this two structure are compatible
in the sense that
(22) ∆ ◦m = (m⊗m) ◦ (H ⊗ c⊗H) ◦ (∆⊗∆) and m1 ◦ (ε⊗ ε) = ε ◦m.
Definitions 4.2. Let (B,mB , uB,∆B, εB) be a braided bialgebra in a cocomplete braided monoidal
category (M, c). Then B is called a graded braided bialgebra if B is a graded object with graduation
defined by (Bk)k∈N and if, with respect to this graduation, (B,mB, uB) is a graded algebra and
(B,∆B, εB) is a graded coalgebra. A morphism f : A → B between graded braided bialgebras is
called a morphism of graded (braided) bialgebras whenever it is both a morphism of graded algebras
and a morphism of graded coalgebras i.e. if it is a bialgebra homomorphism which is also a graded
homomorphism.
Definition 4.3. Let H be a braided bialgebra in (M, c) .
An object in HHM
H
H is a 5-tuple (M,µ
r
M , µ
l
M , ρ
r
M , ρ
l
M ) such that
•
(
M,µrM , µ
l
M
)
is an H-bimodule;
•
(
M,ρrM , ρ
l
M
)
is an H-bicomodule;
• the following compatibility conditions are fulfilled:
ρlMµ
l
M =
(
mH ⊗ µ
l
M
)
(H ⊗ cH,H ⊗M)
(
∆H ⊗ ρ
l
M
)
,(23)
ρlMµ
r
M = (mH ⊗ µ
r
M ) (H ⊗ cM,H ⊗H)
(
ρlM ⊗∆H
)
,(24)
ρrMµ
l
M =
(
µlM ⊗mH
)
(H ⊗ cH,M ⊗H) (∆H ⊗ ρ
r
M ) ,(25)
ρrMµ
r
M = (µ
r
M ⊗mH) (M ⊗ cH,H ⊗H) (ρ
r
M ⊗∆H) .(26)
Proposition 4.4. Let (M, c) be a cocomplete coabelian braided monoidal category and let C =
⊕n∈NCn be a graded coalgebra in M. Assume that the tensor product commutes with direct sums.
Then (C ⊗ C,∆C⊗C , εC⊗C) is a graded coalgebra where
∆C⊗C : C⊗C
∆C⊗∆C−→ C⊗C⊗C⊗C
C⊗cC,C⊗C
−→ C⊗C⊗C⊗C, εC⊗C : C⊗C
εC⊗εC−→ 1⊗1
m1−→ 1.
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and with graduation given by (C ⊗ C)n =
⊕
a+b=n Ca ⊗ Cb.
Moreover, for every s, t ∈ N we have
(27) ∆C⊗Cs,t := ∇
 ∑
i+j=a,u+v=b
i+u=s,j+v=t
(
γC,Ci,u ⊗ γ
C,C
j,v
) (
Ci ⊗ cCj ,Cu ⊗ Cv
)
(∆i,j ⊗∆u,v)

a,b,
a+b=s+t
.
Proof. It is well known that (C ⊗ C,∆C⊗C , εC⊗C) is a coalgebra (it is dual to [Mj1, Lemma
9.2.12, page 438]). Let us check the part of the statement concerning the graduation. In view of
Proposition 2.3, since C is a graded coalgebra, for every n ∈ N there exists a family (∆a,b)
a+b=n
of morphisms ∆a,b : Cn → Ca ⊗ Cb, such that (3) holds true. For every s, t ∈ N define ∆
C⊗C
s,t :
(C ⊗ C)s+t → (C ⊗ C)s ⊗ (C ⊗ C)t accordingly to (27). It is straightforward to prove that
∆C⊗C ◦ i
C⊗C
n =
∑
s+t=n
(
iC⊗Cs ⊗ i
C⊗C
t
)
∆C⊗Cs,t .

Theorem 4.5. Let H be a braided bialgebra in a cocomplete and complete coabelian braided
monoidal category (M, c) satisfying AB5. Assume that the tensor product commutes with direct
sums.
Let (M,µrM , µ
l
M , ρ
r
M , ρ
l
M ) be in
H
HM
H
H . Let T
c = T cH(M) be the cotensor coalgebra. Then there are
unique coalgebra homomorphisms
mT c : T
c ⊗ T c → T c and uT c : 1→ T
c
such that the diagrams
(28) T c
p0

p1 //M
H T c ⊗ T c
µlM (p0⊗p1)+µ
r
M (p1⊗p0)
OO
mTc
hh
mH(p0⊗p0)
oo
T c
p0

p1 // M
H 1
0
OO
uTc
gg
uH
oo
are commutative, where pn : T
c →MHn denotes the canonical projection. Moreover (T c,mT c , uT c ,∆T c , εT c)
is a graded braided bialgebra in M.
Proof. First of all, by Proposition 4.4, we have that (E = T c ⊗ T c,∆E , εE) is a graded coalgebra
where
∆E : T
c ⊗ T c
∆Tc⊗∆Tc−→ T c ⊗ T c ⊗ T c ⊗ T c
T c⊗cTc,Tc⊗T
c
−→ T c ⊗ T c ⊗ T c ⊗ T c,
εE : T
c ⊗ T c
εTc⊗εTc−→ 1⊗ 1
m1−→ 1.
Since T c = ⊕n∈NT
c
n is a graded coalgebra, we have that (5) holds so that, by Proposition 2.13, we
have
(p0 ⊗ p0)∆T c = ∆Hp0 and (p0 ⊗ p1)∆T c = ρ
l
Mp1.
Set
gH := mH : E0 = H⊗H → H and gM := ∇
[(
µlM , µ
r
M
)]
: E1 = (H ⊗M)⊕(M ⊗H)→M.
Then gH is a coalgebra homomorphism:
∆HgH = ∆HmH = (mH ⊗mH) (H ⊗ cH,H ⊗H) (∆H ⊗∆H) = (gH ⊗ gH)∆H⊗H .
Moreover gM is a morphism of left H-comodules
(gH ⊗ gM )∆
T c⊗T c
0,1
(27)
= (gH ⊗ gM )∇
 (γT c,T c0,0 ⊗ γT c,T c0,1 ) (T c0 ⊗ cT c0 ,T c0 ⊗ T c1 ) (∆0,0 ⊗∆0,1) ,(
γT
c,T c
0,0 ⊗ γ
T c,T c
1,0
) (
T c0 ⊗ cT c1 ,T c0 ⊗ T
c
0
)
(∆0,1 ⊗∆0,0)

= ∇
[ (
mH ⊗ µ
l
M
)
(H ⊗ cH,H ⊗M)
(
∆H ⊗ ρ
l
M
)
,
(mH ⊗ µ
r
M ) (H ⊗ cM,H ⊗H) (ρ
r
M ⊗∆H)
]
(23),(24)
= ∇
[
ρlMµ
l
M , ρ
l
Mµ
r
M
]
= ρlMgM
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Analogously ρrMgM = (gM ⊗ gH)∆
T c⊗T c
1,0 , i.e. gM is a morphism of right H-comodules and hence a
morphism of H-bicomodules. By applying Theorem 2.20 to the case ”C” = H and ”B” = H ⊗H ,
using the maps gH and gM above, we get a unique coalgebra homomorphism mT c = f : E → T
c
such that the left side of (28) is commutative so that
p0mT c (mT c ⊗ T
c) = p0mT c (T
c ⊗mT c) and p1mT c (mT c ⊗ T
c) = p1mT c (T
c ⊗mT c) .
Since T c ⊗ T c ⊗ T c is a coalgebra and mT c (mT c ⊗ T
c) and mT c (T
c ⊗mT c) are coalgebra homo-
morphisms, then by Corollary 2.18, we obtain
mT c (mT c ⊗ T
c) = mT c (T
c ⊗mT c) .
Set
g′H := uH : 1→ H and g
′
M := 0 : 0→M.
Then g′H is a coalgebra homomorphism and g
′
M is a morphism of H-bicomodules. By applying
Theorem 2.20 to the case B = 1, we get a unique coalgebra homomorphism uT c = f
′ : 1 → T c
such that the right side of 28 is commutative so that
p0mT c (uT c ⊗ T
c) = mH (uH ⊗H) (1⊗ p0) = lH (1⊗ p0) = p0lT c
p1mT c (uT c ⊗ T
c) = µlM (uH ⊗M) (1⊗ p1) = lM (1⊗ p1) = p1lT c .
Since 1 ⊗ T c is a coalgebra and mT c (uT c ⊗ T
c) and rT c are coalgebra homomorphisms, then by
Corollary 2.18, we have mT c (uT c ⊗ T
c) = lT c . Analogously mT c (T
c ⊗ uT c) = rT c . Now, in view
of Theorem 2.20, mT c and uT c are graded homomorphisms so that (T
c,mT c , uT c ,∆T c , εT c) is a
graded braided bialgebra in M. 
Remark 4.6. Let M be an object in a cocomplete and complete coabelian braided monoidal
category (M, c) satisfying AB5. Assume that the tensor product commutes with direct sums.
By applying Theorem 4.5 to the case H = 1 we endow the cotensor coalgebra T c = T cH(M) with an
algebra structure such that T c becomes a braided bialgebra. This algebra structure is the braided
analogue of the so called ”Shuffle Algebra” in the category of vector spaces.
Theorem 4.7. Let H be a braided bialgebra in a cocomplete and complete coabelian braided
monoidal category (M, c) satisfying AB5. Assume that the tensor product commutes with direct
sums.
Let (M,µrM , µ
l
M , ρ
r
M , ρ
l
M ) be in
H
HM
H
H . Let T
c = T cH(M) be the cotensor coalgebra.
Let δ : D → E be a monomorphism which is a homomorphism of coalgebras. Assume that there
exist morphisms
m eD : D˜ ⊗ D˜ → D˜ and u eD : 1→D˜
such that
(
D˜,m eD, u eD,∆ eD, ε eD,
)
is a braided bialgebra in M.
Let fH : D˜ → H be a bialgebra homomorphism and let fM : D˜ → M be a morphism of H-
bicomodules such that fMξ1 = 0, where D˜ is a bicomodule via fH . Assume that
(29) fMm eD = µ
l
M (fH ⊗ fM ) + µ
r
M (fM ⊗ fH)
(i.e. fM is a derivation of D˜ with values in the D˜-bimodule M , where M is regarded as a bimodule
via fH). Then there is a unique coalgebra homomorphism f : D˜ → T
c
H(M) such that p0f = fH
and p1f = fM , where pn : T
c
C(M)→M
n denotes the canonical projection.
T cH(M)
p0

p1 // M
H D˜
fM
OO
f
hh
fH
oo D
ξ1
oo
0
ggO
O
O
O
O
O
O
O
O
O
O
O
O
Moreover f is a bialgebra homomorphism.
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Proof. By Theorem 2.16, there is a unique coalgebra homomorphism f : D˜ → T cH(M) such that
p0f = fH and p1f = fM . We have
p0mT c (f ⊗ f)
(28)
= mH (fH ⊗ fH) = fHm eD = p0fm eD,
p1mT c (f ⊗ f)
(28)
= µlM (fH ⊗ fM ) + µ
r
M (fM ⊗ fH) = fMm eD = p1fm eD.
We also obtain
fMu eD = fMm eD
(
u eD ⊗ u eD
)
m−1
1
(29)
= µlM
(
fHu eD ⊗ fMu eD
)
m−1
1
+ µrM
(
fMu eD ⊗ fHu eD
)
m−1
1
= µlM
(
uH ⊗ fMu eD
)
m−1
1
+ µrM
(
fMu eD ⊗ uH
)
m−1
1
= fMu eD + fMu eD
so that fMu eD = 0 and hence, by Theorem 2.16,
p0fu eD = fHu eD = uH = p0uT c and p1fu eD = fMu eD = 0 = p1uT c .
Since mT c (f ⊗ f) , fm eD : D˜⊗ D˜ → T
c and fu eD, uT c : 1→ T
c are coalgebra homomorphisms and
since, for i = 0, 1,
pimT c (f ⊗ f) = pifm eD and pifu eD = piuT c ,
then, by Corollary 2.18, we get that mT c (f ⊗ f) = fm eD and fu eD = uT c i.e. that f is an algebra
homomorphism. 
5. Graded Braided Bialgebra Structure of the Tensor Algebra
In this section ((M,⊗,1) , c) will denote a cocomplete abelian braided monoidal category such
that the tensor product commutes with direct sums.
Next aim is to provide a braided bialgebra structure (see 4.1) for the tensor algebra inside a
braided monoidal category.
Proposition 5.1. Let A = ⊕n∈NAn be a graded algebra in M. Then (A⊗A,mA⊗A, uA⊗A) is a
graded algebra where
mA⊗A : A⊗A⊗A⊗A
A⊗cA,A⊗A
−→ A⊗A⊗A⊗ A
m⊗m
−→ A⊗A, uA⊗A : 1
m
−1
1−→ 1⊗ 1
u⊗u
−→ A⊗A.
and with graduation given by (A⊗A)n =
⊕
a+b=nAa ⊗Ab.
Proof. It is similar to the proof of Proposition 4.4. 
Theorem 5.2. Let H be a braided bialgebra in a cocomplete abelian braided monoidal category
(M, c). Assume that the tensor product commutes with direct sums.
Let (M,µrM , µ
l
M , ρ
r
M , ρ
l
M ) be in
H
HM
H
H . Let T = TH(M) be the tensor algebra. Then there are
unique coalgebra homomorphisms
∆T : T → T ⊗ T and εT : T → 1
such that the diagrams
(30) M
(i0⊗i1)ρ
l
M+(i1⊗i0)ρ
r
M

i1 // T
∆T
vv
T ⊗ T H
i0
OO
(i0⊗i0)∆H
oo
M
0

i1 // T
εT
ww
1 H
i0
OO
εH
oo
are commutative, where in :M
⊗Hn → T denotes the canonical injection. Moreover (T,mT , uT ,∆T , εT )
is a graded braided bialgebra in M.
Proof. It is analogous to the proof of Theorem 4.5. 
We are now able to state the universal property of the tensor bialgebra.
Bialgebras of Type One in Monoidal Categories 21
Theorem 5.3. Let H be a braided bialgebra in a cocomplete abelian braided monoidal category
(M, c) . Assume that the tensor product commutes with direct sums.
Let (M,µrM , µ
l
M , ρ
r
M , ρ
l
M ) be in
H
HM
H
H . Let T = TH(M) be the tensor algebra.
Let E be a braided bialgebra in M.
Let fH : H → E be a bialgebra homomorphism and let fM :M → E be a morphism of H-bimodules,
where E is a bimodule via fH . Assume that
∆EfM = (fH ⊗ fM ) ρ
l
M + (fM ⊗ fH) ρ
r
M
(i.e. fM is a coderivation of E with domain the E-bicomodule M , where M is regarded as a
bicomodule via fH). Then there is a unique algebra homomorphism f : TH(M) → E such that
fi0 = fH and fi1 = fM , where in :M
⊗Hn → TH(M) denotes the canonical injection.
M
fM

i1 // TH(M)
f
uu
E H
fH
oo
i0
OO
Moreover f is a bialgebra homomorphism.
Proof. By Theorem 3.9, there is a unique algebra homomorphism f : T → E such that fi0 = fH
and fi1 = fM . The rest of the proof is similar to that of Theorem4.7. 
6. Braided Bialgebras of Type One
Even if not all the assumptions are always needed, in this section ((M,⊗,1) , c) will denote a
cocomplete and complete abelian coabelian braided monoidal category satisfying AB5 and such
that the tensor product commutes with direct sums.
Lemma 6.1. Let (B,mB , uB,∆B , εB) be a graded braided bialgebra in (M, c). Then
1) (B0,m0,0, u0,∆0,0, ε0) is a braided bialgebra. Moreover both p
B
0 and i
B
0 are bialgebra homo-
morphisms.
2) (B1, µ
r
B1
= m1,0, µ
l
B1
= m0,1, ρ
r
B1
= ∆1,0, ρ
l
B1
= ∆0,1) is an object in
B0
B0
MB0B0 .
3) iB1 is a morphism of B0-bimodules, where B is a B0-bimodule via i
B
0 , and we have
∆Bi
B
1 =
(
iB0 ⊗ i
B
1
)
∆0,1 +
(
iB1 ⊗ i
B
0
)
∆1,0
(i.e. iB1 is a coderivation of B with domain the B-bicomodule B1, where B1 is regarded as a
bicomodule via iB0 ).
4) pB1 is a morphism of B0-bicomodules, where B is a B0-bicomodule via p
B
0 , and we have
pB1 mB = m0,1
(
pB0 ⊗ p
B
1
)
+m1,0
(
pB1 ⊗ p
B
0
)
(i.e. pB1 is a derivation of B with values in the B-bimodule B1, where B1 is regarded as a bimodule
via pB0 ).
Proof. We prove the statements by means of (22).
1) By Proposition 2.5,
(
B0,∆0 = ∆0,0, ε0 = εBi
B
0
)
is a coalgebra in M and iB0 is a coalgebra
homomorphism. By Proposition 3.4
(
B0,m0 = m0,0, u0 = p
B
0 uB
)
is an algebra inM and pB0 is an
algebra homomorphism.
By (16), (5) and by naturality of the braiding we obtain
(m0,0 ⊗m0,0) (B0 ⊗ cB0,B0 ⊗ B0) (∆0,0 ⊗∆0,0)
=
(
pB0 ⊗ p
B
0
)
(mB ⊗mB) (B ⊗ cB,B ⊗B) (∆B ⊗∆B)
(
iB0 ⊗ i
B
0
)
(22)
=
(
pB0 ⊗ p
B
0
)
∆BmB
(
iB0 ⊗ i
B
0
)
= ∆0,0m0,0.
Moreover
m1 (ε0 ⊗ ε0) = m1 (εB ⊗ εB)
(
iB0 ⊗ i
B
0
) (22)
= εBmB
(
iB0 ⊗ i
B
0
) (17)
= εBi
B
0 m0,0 = ε0m0,0
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so that (B0,m0,0, u0,∆0,0, ε0) is a braided bialgebra.
Let us check that iB0 is an algebra homomorphism. We have
mB
(
iB0 ⊗ i
B
0
) (17)
= iB0 m0,0.
Moreover, by Proposition 3.4, u = iB0 p0u = i
B
0 u0. Thus i
B
0 is an algebra homomorphism.
Similarly, by means of (5) and of Proposition 2.5, we get that pB0 is also a coalgebra homomorphism.
2) By (16), (5) and by naturality of the braiding we obtain(
pB0 ⊗ p
B
1
)
(mB ⊗mB) (B ⊗ cB,B ⊗B) (∆B ⊗∆B)(31)
=
[
(m0,0 ⊗m1,0) (B0 ⊗ cB1,B0 ⊗B0)
[
∆0,1p
B
1 ⊗∆0,0p
B
0
]
+
+(m0,0 ⊗m0,1) (B0 ⊗ cB0,B0 ⊗B1)
[
∆0,0p
B
0 ⊗∆0,1p
B
1
] ]
Hence, by (5), (17) and by naturality of the braiding we obtain
∆0,1m0,1 =
(
pB0 ⊗ p
B
1
)
∆BmB
(
iB0 ⊗ i
B
1
)
(22)
=
(
pB0 ⊗ p
B
1
)
(mB ⊗mB) (B ⊗ cB,B ⊗B) (∆B ⊗∆B)
(
iB0 ⊗ i
B
1
)
(31)
= (m0,0 ⊗m0,1) (B0 ⊗ cB0,B0 ⊗B1) [∆0,0 ⊗∆0,1]
Similarly we get (24), (25) and (26).
3)-4) follow in view of Proposition 2.3 and 3.2. 
Theorem 6.2. Let H be a braided bialgebra in a cocomplete and complete abelian and coabelian
braided monoidal category (M, c) satisfying AB5. Assume that the tensor product commutes with
direct sums.
Let (M,µrM , µ
l
M , ρ
r
M , ρ
l
M ) be in
H
HM
H
H . Let T
c = T cH(M) be the cotensor coalgebra.
Let B be a graded bialgebra, let gH : B0 → H be a bialgebra homomorphism and let gM : B1 →M
be a morphism of H-bicomodules, where B1 is an H-bicomodule via gH , and a morphism of B0-
bimodules, where M is a B0-bimodule via gH .
Then there is a unique coalgebra homomorphism f : B → T cH(M) such that
pT
c
0 ◦ f = gH ◦ p
B
0 and p
T c
1 ◦ f = gM ◦ p
B
1 .
Moreover f is a graded bialgebra homomorphism.
Proof. By Theorem 2.20, there is a unique coalgebra homomorphism f : B → T cH(M) such that
pC0 ◦ f = gH ◦ p
B
0 and p
T c
1 ◦ f = gM ◦ p
B
1 . Moreover f is a morphism of graded coalgebras. On the
other hand, set
fH := gH ◦ p
B
0 and fM := gM ◦ p
B
1 .
By Lemma 6.1, we have
pB1 mB = m0,1
(
pB0 ⊗ p
B
1
)
+m1,0
(
pB1 ⊗ p
B
0
)
.
Since gM : B1 →M is a morphism of B0-bimodules, where M is a B0-bimodule via gH , we get
fM ◦mB = gM ◦ p
B
1 ◦mB
= µlM ◦ (gH ⊗ gM ) ◦
(
pB0 ⊗ p
B
1
)
+ µrM ◦ (gM ⊗ gH) ◦
(
pB1 ⊗ p
B
0
)
= µlM ◦ (fH ⊗ fM ) + µ
r
M ◦ (fM ⊗ fH) .
Hence, by Proposition 2.19 and Theorem 4.7, there is a unique coalgebra homomorphism f ′ : B →
T cH(M) such that p0f
′ = fH and p1f
′ = fM . Moreover f
′ is a bialgebra homomorphism. By
uniqueness f = f ′. 
Theorem 6.3. Let H be a braided bialgebra in a cocomplete and complete abelian and coabelian
braided monoidal category (M, c) satisfying AB5. Assume that the tensor product commutes with
direct sums.
Let (M,µrM , µ
l
M , ρ
r
M , ρ
l
M ) be in
H
HM
H
H . Let T = TH(M) be the tensor algebra.
Let B be a graded bialgebra, let gH : H → B0 be a bialgebra homomorphism and let gM :M → B1
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be a morphism of H-bimodules, where B1 is an H-bimodule via gH , and a morphism of B0-
bicomodules, where M is a B0-bicomodule via gH .
Then there is a unique algebra homomorphism f : TH(M)→ B such that
f ◦ iT0 = i
B
0 ◦ gH and f ◦ i
T
1 = i
B
1 ◦ gM .
Moreover f is a graded bialgebra homomorphism.
Proof. It is analogous to the proof of Theorem 6.2. 
6.4. Let f : X → X ′ be a graded homomorphism inM. Hence f = ⊕n∈Nfn for suitable morphisms
fn : Xn → X
′
n, for every n ∈ N. Write
fn = ψn ◦ ϕn
where ϕn : Xn → Im (fn) is an epimorphism and ψn : Im (fn) → X
′
n is a monomorphism. Since
M satisfies AB5, it is in particular an AB4 category. Hence coproducts are both left and right
exact. Thus
ϕf := ⊕n∈Nϕn : X → ⊕n∈NIm (fn) and ψf := ⊕n∈Nψn : ⊕n∈NIm (fn)→ X
′
are an epimorphism and a monomorphism respectively. Moreover
f = ⊕n∈Nfn = (⊕n∈Nψn) ◦ (⊕n∈Nϕn) = ψf ◦ ϕf .
In particular we obtain Im (f) = ⊕n∈NIm (fn) so that Im (f)n = Im (fn) for every n ∈ N. We would
like to outline that the last statements do not in general hold without assuming AB5. Clearly if
fn = IdXn we can choose ψn = ϕn = IdXn .
Proposition 6.5. Let f : A → A′ be a graded braided bialgebra homomorphism in (M, c). Then
Im (f) can be endowed with a unique graded braided bialgebra structure such that ϕf : A→ Im (f)
and ψf : Im (f)→ A
′ are graded braided bialgebra homomorphisms.
Furthermore
1) ϕf is epimorphism and ψf is a monomorphism in M.
2) Im (f)n = Im (fn) for every n ∈ N.
Proof. Set B = Im (f), Bn = Im (fn) , ϕ = ϕf and ψ = ψf .
Since (Im (f) , ϕ) = Coker (ker (f)) , it is clear that Im (f) can be endowed with a unique algebra
structure such that ϕ is an algebra homomorphism.
Since (Im (f) , ψ) = ker (Coker (f)) , it is clear that Im (f) can be endowed with a unique coal-
gebra structure such that ψ is a coalgebra homomorphism.
Let us check that ϕ is also a coalgebra homomorphism. We have
(ψ ⊗ ψ) ◦∆B ◦ ϕ = ∆A′ ◦ ψ ◦ ϕ = ∆A′ ◦ f = (f ⊗ f) ◦∆A = (ψ ⊗ ψ) ◦ (ϕ⊗ ϕ) ◦∆A,
εB ◦ ϕ = εA′ ◦ ψ ◦ ϕ = εA′ ◦ f = εA.
Since ψ is a monomorphism and M is a coabelian monoidal category, we get that ψ ⊗ ψ is a
monomorphism so that
∆B ◦ ϕ = (ϕ⊗ ϕ) ◦∆A and εB ◦ ϕ = εA
and hence ϕ is also a coalgebra homomorphism.
Similarly it can be proven that ψ is also an algebra homomorphism.
Let us check that B is a braided bialgebra. Since ϕ is a bialgebra homomorphism, A is a braided
bialgebra and by naturality of the braiding one computes
(mB ⊗mB) ◦ (B ⊗ cB,B ⊗B) ◦ (∆B ⊗∆B) ◦ (ϕ⊗ ϕ) = ∆B ◦mB ◦ (ϕ⊗ ϕ)
εB ◦mB ◦ (ϕ⊗ ϕ) = m1 ◦ (εB ⊗ εB) ◦ (ϕ⊗ ϕ) .
Since ϕ⊗ ϕ is an epimorphism we get (22) for B.
By Proposition 2.4 in order to prove that B = ⊕n∈NBn is a graded coalgebra we have to check that
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there are morphisms ∆Ba,b : Ba+b → Ba⊗Bb, such that (p
B
a ⊗p
B
b )◦∆B = ∆
B
a,b◦p
B
a+b, for every a, b ∈
N. Set
∆Ba,b :=
(
Ba+b
iBa+b
→ B
∆B→ B ⊗B
pBa ⊗p
B
b→ Ba ⊗Bb
)
.
Since ϕ is a graded coalgebra homomorphism, by (5), one easily checks that
∆Ba,b ◦ p
B
a+b ◦ ϕ = (p
B
a ⊗ p
B
b ) ◦∆B ◦ ϕ
Since ϕ is an epimorphism, we get ∆Ba,b ◦ p
B
a+b = (p
B
a ⊗ p
B
b ) ◦∆B that is B is a graded coalgebra.
Similarly one proves that B is also a graded algebra and hence a graded braided bialgebra.
Clearly both ϕ and ψ are graded braided bialgebra homomorphism.
1) and 2) follow by (6.4). 
Theorem 6.6. Let H be a braided bialgebra in a cocomplete and complete abelian coabelian braided
monoidal category (M, c) satisfying AB5. Assume that the tensor product commutes with direct
sums.
Let (M,µrM , µ
l
M , ρ
r
M , ρ
l
M ) be in
H
HM
H
H . Let T = TH(M) and T
c = T cH(M).
Then there is a unique algebra homomorphism F = FH,M : T → T
c such that FiT0 = i
T c
0 and
FiT1 = i
T c
1 :
M
iT
c
1

iT1 // TH(M)
F
uu
T cH(M) H
iT
c
0
oo
iT0
OO
Moreover F is a graded bialgebra homomorphism such that F0 = IdH and F1 = IdM .
Write F = ψF ◦ ϕF as in Proposition 6.5, where ϕF : T → Im (F ) and ψF : Im (F ) → T
c are
graded braided bialgebra homomorphisms, ϕF is epimorphism and ψF is a monomorphism in M.
We have:
1) Im (F ) is a graded braided bialgebra such that Im (F )0 = H and Im (F )1 = M .
2) ϕF is the unique algebra homomorphism such that ϕF ◦ i
T
0 = i
Im(F )
0 and ϕF ◦ i
T
1 = i
Im(F )
1 as
in Theorem 3.11.
3) ψF is the unique coalgebra homomorphism such that p
T c
0 ◦ψF = p
Im(F )
0 and p
T c
1 ◦ψF = p
Im(F )
1
as in Theorem 2.22.
Proof. Set B = Im (F ) . In view of Theorem 4.5 T c = T cH(M) is a graded braided bialgebra.
By Corollary 6.3 there is a unique algebra homomorphism F : T → T c such that F ◦ iT0 = i
T c
0
and F ◦ iT1 = i
T c
1 . Moreover F is a graded bialgebra homomorphism.
By Proposition 6.5, we have that Im (F ) is a graded braided bialgebra such that Im (F )n = Im (Fn)
for every n ∈ N. Moreover we can write F = ψ ◦ ϕ where ϕ = ϕF : T → Im (F ) and ψ = ψF :
Im (F ) → T c are graded braided bialgebra homomorphisms, ϕ is an epimorphism and ψ is a
monomorphism in M. Since F is graded we have
F0 = p
T c
0 ◦ F ◦ i
T
0 = p
T c
0 ◦ i
TC
0 = IdH and F1 = p
T c
1 ◦ F ◦ i
T
1 = p
T c
1 ◦ i
TC
1 = IdM .
Then Im (F )0 = Im (F0) = H and Im (F )1 = Im (F1) = M. Now, since F0 = IdH and F1 = IdM
we can choose ϕ0 = ψ0 = IdH and ϕ1 = ψ1 = IdM so that ϕ ◦ i
T
n = i
B
n and p
B
n = p
T c
n ◦ ψ for
n = 0, 1. 
Definition 6.7. Take the notations and assumptions of Theorem 6.6. Following [Ni, page 1533],
let
(H [M ], iH[M ]) = (Im(F ), ψF ) .
Then H [M ] is a graded braided bialgebra such that H [M ]0 = H and H [M ]1 =M .
This will be called the braided bialgebra of type one associated to H and M .
Bialgebras of Type One in Monoidal Categories 25
Theorem 6.8. Let (B,mB , uB,∆B , εB) be a braided graded bialgebra in a cocomplete and complete
abelian coabelian braided monoidal category (M, c) satisfying AB5. Assume that the tensor product
commutes with direct sums.
1) There is a unique algebra homomorphism
ϕ : TB0(B1)→ B
such that ϕ ◦ iT0 = i
B
0 and ϕ ◦ i
T
1 = i
B
1 . Moreover ϕ is a graded bialgebra homomorphism.
2) There is a unique coalgebra homomorphism
ψ : B → T cB0(B1)
such that pT
c
0 ◦ψ = p
B
0 and p
T c
1 ◦ψ = p
B
1 . Moreover ψ is a graded bialgebra homomorphism.
3) ψ ◦ ϕ = F where F : TB0(B1) → T
c
B0
(B1) is the morphism defined in Theorem 6.6. In
particular F is a graded bialgebra homomorphism.
Furthermore the following assertions are equivalent
(a) B is strongly N-graded both as an algebra and a coalgebra.
(b) ϕ is an epimorphism and ψ is a monomorphism.
(c) ϕ = ϕF and ψ = ψF .
(d) B = B0 [B1] is the braided bialgebra of type one associated to B0 and B1.
Proof. 1)-2) By Lemma 6.1, we can apply Theorems 6.3 and 6.2.
3) By Theorem 6.6, there is a unique algebra homomorphism F : TB0(B1) → T
c
B0
(B1) such
that F ◦ iT0 = i
T c
0 and F ◦ i
T
1 = i
T c
1 . Moreover F is a graded bialgebra homomorphism such that
F0 = IdH and F1 = IdM . Since
ψ ◦ ϕ ◦ iT0 = ψ ◦ i
B
0 ◦ ϕ0 = i
T c
0 ◦ ψ0 ◦ ϕ0 = i
T c
0 , ψ ◦ ϕ ◦ i
T
1 = ψ ◦ i
B
1 ◦ ϕ1 = i
T c
1 ◦ ψ1 ◦ ϕ1 = i
T c
1 ,
we infer that F = ψ ◦ϕ. By Proposition 6.5, Im (F ) can be endowed with a unique graded braided
bialgebra structure such that ϕF : T → Im (F ) and ψF : Im (F )→ T
c are graded braided bialgebra
homomorphisms. Furthermore Im (F )n = Im (Fn) for every n ∈ N, we can write F = ψF ◦ϕF , ϕF
is an epimorphism and ψF is a monomorphism in M.
(a)⇔ (b) It follows by Theorems 3.11 and 2.22.
(b)⇒ (c) By hypothesis, since the categoryM is abelian, B identifies as an object with Im (F ) =
B0 [B1]. By uniqueness in 2) and 3) of Theorem 6.6 and in view of 1) and 2) above, we get ϕ = ϕF
and ψ = ψF .
(c)⇒ (d) Since the graded braided bialgebra structure of B and of Im (F ) make ϕF : T → B and
ψF : B → T
c graded braided bialgebra homomorphisms, by Proposition 6.5, the two structures
coincide.
(d)⇒ (c) Since B = Im (F ) , it follows by 2) and 3) in Theorem 6.6.
(c)⇒ (b) It is trivial. 
Remark 6.9. Recall that ϕ is an epimorphism if and only if it fulfills one of the equivalent
conditions in Theorem 3.11 and ψ is a monomorphism if and only if it fulfills one of the equivalent
conditions in Theorem 2.22. In particular we have the following result.
Theorem 6.10. Let (B,mB, uB,∆B, εB) be a braided graded bialgebra in a cocomplete and complete
abelian coabelian braided monoidal category (M, c) satisfying AB5. Assume that the tensor product
commutes with direct sums.
Then B is the braided bialgebra of type one B0 [B1] associated to B0 and B1 if and only if
(B [2] , νB2 ) = B [1]
2
and (B (2) , σB2 ) = B
∧2B
0 .
7. Radford-Majid bosonization
In this section ((M,⊗,1) , c) will denote a cocomplete and complete abelian coabelian braided
monoidal category satisfying AB5 and such that the tensor product commutes with direct sums.
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7.1. Let (H,mH , uH ,∆H , εH , SH) be a braided graded Hopf algebra with invertible antipode SH .
By [Bes, Theorem 3.4.3],
((
H
HYD (M) ,⊗,1
)
,Ψ
)
is a braided monoidal category, where, for every(
U, µlU , ρ
l
U
)
,
(
V, µlV , ρ
l
V
)
∈ HHYD (M), the braiding is defined by
ΨU,V :=
(
µlV ⊗ U
)
◦ (H ⊗ cU,V ) ◦
(
ρlU ⊗ V
)
with inverse given by
Ψ−1U,V :=
(
U ⊗ µlV
)
◦
(
U ⊗ c−1H,V
)
◦
(
c−1U,V ⊗ S
−1
H
)
◦
(
V ⊗ c−1U,H
)
◦
(
V ⊗ ρlU
)
.
7.2. In view of [Bes, Lemma 3.9.4], recall that given an object
(
V, µlV , ρ
l
V
)
in the monoidal category(
H
HYD (M) ,⊗,1
)
, then (
V ⊗H,µlV⊗H , µ
r
V⊗H , ρ
l
V⊗H , ρ
r
V⊗H
)
is an object in HHM
H
H where
µlV⊗H =
(
µlV ⊗mH
)
◦ (H ⊗ cH,V ⊗H) ◦ (∆H ⊗ V ⊗H) , µ
r
V⊗H = V ⊗mH ,
ρlV⊗H = (mH ⊗ V ⊗H) ◦ (H ⊗ cV,H ⊗H) ◦
(
ρlV ⊗∆H
)
, ρrV⊗H = V ⊗∆H .
Given a braided bialgebra
((
Q,µlQ, ρ
l
Q
)
,mQ, uQ,∆Q, εQ
)
in the braided monoidal category((
H
HYD (M) ,⊗,1
)
,Ψ
)
then the Radford-Majid bosonization of Q
Q⋊H
is the object Q⊗H endowed with the following braided bialgebra structure:
mQ⋊H = (mQ ⊗mH) ◦
(
Q⊗ µlQ ⊗H ⊗H
)
◦ (Q⊗H ⊗ cH,Q ⊗H) ◦ (Q⊗∆H ⊗Q⊗H) ,
uQ⋊H = (uQ ⊗ uH) ◦∆1,
∆Q⋊H = (Q ⊗mH ⊗Q⊗H) ◦ (Q⊗H ⊗ cQ,H ⊗H) ◦
(
Q⊗ ρlQ ⊗H ⊗H
)
◦ (∆Q ⊗∆H) ,
εQ⋊H = m1 ◦ (εQ ⊗ εH) .
and the above structures of object in HHM
H
H .
Lemma 7.3. Let (H,mH , uH ,∆H , εH , SH) be a braided graded Hopf algebra with invertible antipode
SH in ((M,⊗,1) , c).
Let
((
Q = ⊕n∈NQn, µ
l, ρl
)
,m, u,∆, ε
)
be a graded braided bialgebra in the braided monoidal cate-
gory
((
H
HYD (M) ,⊗,1
)
,Ψ
)
. Then
Q⋊H = ⊕n∈N (Qn ⊗H)
is a graded braided bialgebra in the monoidal category (M,⊗,1) and
mQ⋊Ha,b = (ma,b ⊗mH) ◦
(
Qa ⊗ µ
l
Qb
⊗H ⊗H
)
◦ (Qa ⊗H ⊗ cH,Qb ⊗H) ◦ (Qa ⊗∆H ⊗Qb ⊗H) ,
∆Q⋊Ha,b = (Qa ⊗mH ⊗Qb ⊗H) ◦ (Qa ⊗H ⊗ cQb,H ⊗H) ◦
(
Qa ⊗ ρ
l
Qb
⊗H ⊗H
)
◦ (∆a,b ⊗∆H) .
Moreover, for every a, b ∈ N, we have that
1) mQ⋊Ha,b is an epimorphism whenever ma,b is an epimorphism
2) ∆Q⋊Ha,b is a monomorphism whenever ∆a,b is a monomorphism.
Proof. Set B = Q⋊H and Bn = Qn ⊗H for every n ∈ N. Then we have
iBn = i
Q
n ⊗H and p
B
n = p
Q
n ⊗H
for every n ∈ N.
By Proposition 3.3, in order to prove that Q⋊H is a graded algebra and thatmQ⋊Ha,b is the required
morphism, it is enough to prove that (17) holds for every a, b ∈ N. By naturality of the braiding,
the fact that iQb is left H-linear and Q fulfills (17), we obtain mB ◦(i
B
a ⊗i
B
b ) = i
B
a+b◦m
B
a,b. Similarly,
by Proposition 2.4, Q⋊H is a graded coalgebra and hence a graded braided bialgebra.
Now, in view of 7.1, for every
(
U, µlU , ρ
l
U
)
,
(
V, µlV , ρ
l
V
)
∈HH YD (M) we have that the morphism
ΨU,V :=
(
µlV ⊗ U
)
◦ (H ⊗ cU,V ) ◦
(
ρlU ⊗ V
)
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is invertible. Recall that, by [BD, Example 4.1.2], using the left adjoint action
ad := mH ◦ (mH ⊗H) ◦ (H ⊗ cH,H) ◦ (H ⊗ S ⊗H) ◦ (∆H ⊗H)
for H and the regular coaction, we have that Had := (H, ad,∆H) is an object in
H
HYD (M). Dually
using the left coadjoint coaction
coad := (mH ⊗H) ◦ (H ⊗ S ⊗H) ◦ (H ⊗ cH,H) ◦ (∆H ⊗H) ◦∆H
for H and the regular action, we have that Hcoad := (H,mH , coad) is an object in
H
HYD (M).
Then we have
mQ⋊Ha,b = (ma,b ⊗mH)◦(Qa ⊗ΨQb,Had ⊗H) and ∆
Q⋊H
a,b =
(
Qa ⊗ΨHcoad,Qb ⊗H
)
◦(∆a,b ⊗∆H) .
Since ΨQb,Had is an isomorphism we get that m
Q⋊H
a,b is an epimorphism whenever ma,b is an
epimorphism and ∆Q⋊Ha,b is a monomorphism whenever ∆a,b is a monomorphism. 
Theorem 7.4. Let (H,mH , uH ,∆H , εH , SH) be a braided graded Hopf algebra with invertible an-
tipode SH in a cocomplete and complete abelian coabelian braided monoidal category ((M,⊗,1) , c)
satisfying AB5. Assume that the tensor product commutes with direct sums.
Let
(
V, µlV , ρ
l
V
)
be in HHYD (M) and let 1 [V ] be the braided bialgebra of type one associated to 1
and V in HHYD (M). Then V ⊗H is an object in
H
HM
H
H and
1 [V ]⋊H = H [V ⊗H ]
is the braided bialgebra of type one associated to H and V ⊗H in M.
Proof. V ⊗H is an object in HHM
H
H as in 7.2. Let T1 (V ) be the tensor algebra of V in the monoidal
category
(
H
HYD (M) ,⊗,1
)
. Clearly the isomorphisms
gH := l
−1
H : H −→ 1⊗H and gV⊗H := IdV⊗H : V ⊗H −→ V ⊗H
are a braided bialgebra homomorphism and a morphism in HHM
H
H respectively. By Lemma 7.3,
T1 (V )⋊H = ⊕n∈N (V
⊗n ⊗H) is a graded braided bialgebra in the monoidal category (M,⊗,1) .
By Theorem 6.3, there is a unique algebra homomorphism f : TH(V ⊗H)→ T1 (V )⋊H such that
f ◦ i
TH(V⊗H)
0 =
(
i
T1(V )
0 ⊗H
)
◦ l−1H and f ◦ i
TH(V⊗H)
1 = i
T1(V )
1 ⊗H.
Moreover f is a graded bialgebra homomorphism. By Theorem 3.11, f is an epimorphism. In fact,
by Proposition 3.8, m
T1(V )
a,b is an epimorphism for every a, b ∈ N and hence, in view of Lemma 7.3,
m
T1(V )⋊H
a,b is an epimorphism too.
The isomorphisms
gcH := lH : 1⊗H −→ H and g
c
V⊗H := IdV⊗H : V ⊗H −→ V ⊗H
are a braided bialgebra homomorphism and a morphism in HHM
H
H respectively. By Lemma 7.3,
T c
1
(V )⋊H = ⊕n∈N (V
⊗n ⊗H) is a graded braided bialgebra in the monoidal category (M,⊗,1) .
Then, by Theorem 6.2, there is a unique coalgebra homomorphism f c : T c
1
(V )⋊H → T cH(V ⊗H)
such that
p
T cH(V⊗H)
0 ◦ f
c = lH ◦
(
p
T c
1
(V )
0 ⊗H
)
and p
T cH(V⊗H)
1 ◦ f
c =
(
p
T c
1
(V )
1 ⊗H
)
.
Moreover f c is a graded bialgebra homomorphism. By Theorem 2.22 , f c is a monomorphism.
In fact, by Proposition 2.13, ∆
T c
1
(V )
a,b is a monomorphism for every a, b ∈ N and hence, in view of
Lemma 7.3, ∆
T c
1
(V )⋊H
a,b is a monomorphism too. Using the same notations of Theorem 6.6, let us
check that
FH,V⊗H = f
c ◦ (F1,V ⋊H) ◦ f.
By Theorem 6.6 it is enough to check that
f c ◦ (F1,V ⋊H)◦f ◦ i
TH(V⊗H)
0 = i
T cH (V⊗H)
0 and f
c ◦ (F1,V ⋊H)◦f ◦ i
TH(V⊗H)
1 = i
T cH(V⊗H)
1 .
28 A. ARDIZZONI AND C. MENINI
We have
f c ◦ (F1,V ⋊H) ◦ f ◦ i
TH(V⊗H)
0 = f
c ◦ (F1,V ⊗H) ◦
(
i
T1(V )
0 ⊗H
)
◦ l−1H = f
c ◦
(
i
T c
1
(V )
0 ⊗H
)
◦ l−1H
f c ◦ (F1,V ⋊H) ◦ f ◦ i
TH(V⊗H)
1 = f
c ◦ (F1,V ⊗H) ◦
(
i
T1(V )
1 ⊗H
)
= f c ◦
(
i
T c
1
(V )
1 ⊗H
)
.
Therefore we have to prove that
(32) f c ◦
(
i
T c
1
(V )
0 ⊗H
)
◦ l−1H = i
T cH (V⊗H)
0 and f
c ◦
(
i
T c
1
(V )
1 ⊗H
)
= i
T cH(V⊗H)
1 .
By construction of f c we get
p
T cH(V⊗H)
0 ◦ f
c ◦
(
i
T c
1
(V )
0 ⊗H
)
◦ l−1H = lH ◦
(
p
T c
1
(V )
0 i
T c
1
(V )
0 ⊗H
)
◦ l−1H = IdH = p
T cH(V⊗H)
0 ◦ i
T cH(V⊗H)
0 ,
p
T cH(V⊗H)
0 ◦ f
c ◦
(
i
T c
1
(V )
1 ⊗H
)
= lH ◦
(
p
T c
1
(V )
0 i
T c
1
(V )
1 ⊗H
)
= 0 = p
T cH (V⊗H)
0 ◦ i
T cH(V⊗H)
1 ,
p
T cH(V⊗H)
1 ◦ f
c ◦
(
i
T c
1
(V )
0 ⊗H
)
◦ l−1H =
(
p
T c
1
(V )
1 i
T c
1
(V )
0 ⊗H
)
◦ l−1H = 0 = p
T cH(V⊗H)
1 ◦ i
T cH(V⊗H)
0 ,
p
T cH(V⊗H)
1 ◦ f
c ◦
(
i
T c
1
(V )
1 ⊗H
)
=
(
p
T c
1
(V )
1 i
T c
1
(V )
1 ⊗H
)
= IdV = p
T cH (V⊗H)
1 ◦ i
T cH(V⊗H)
1 ,
so that, by Corollary 2.18, we have proved (32). Thus FH,V⊗H = f
c ◦ (F1,V ⋊H) ◦ f. Now, since
f is an epimorphism and f c is a monomorphism we get
H [V ⊗H ] = Im (FH,V⊗H) = Im (f
c ◦ (F1,V ⋊H) ◦ f) = Im (F1,V ⋊H) = Im (F1,V )⋊H = 1 [V ]⋊H.

7.5. Let (H,mH , uH ,∆H , εH , SH) be a braided graded Hopf algebra with invertible antipode SH
in ((M,⊗,1) , c).
We have an equivalence of braided monoidal categories
F :
(
H
HM
H
H ,⊗H , H
)
→
(
H
HYD (M) ,⊗,1
)
,
given by
F (M) =M co(H) = Eq
[
ρrM , (M ⊗ uH) ◦ r
−1
M
]
for every (M,µrM , µ
l
M , ρ
r
M , ρ
l
M ) ∈
H
HM
H
H (see [Bes, Theorem 3.9.6]). The inverse of F is the functor
F−1 defined by
F−1 (V ) =
(
V ⊗H,µlV⊗H , µ
r
V⊗H , ρ
l
V⊗H , ρ
r
V⊗H
)
as in 7.2 for every V ∈HH YD (M).
Theorem 7.6. Let (H,mH , uH ,∆H , εH , SH) be a braided graded Hopf algebra with invertible an-
tipode SH in a cocomplete and complete abelian coabelian braided monoidal category ((M,⊗,1) , c)
satisfying AB5. Assume that the tensor product commutes with direct sums.
Let (M,µrM , µ
l
M , ρ
r
M , ρ
l
M ) be in
H
HM
H
H and let 1
[
M co(H)
]
be the braided bialgebra of type one
associated to 1 and M co(H) in HHYD (M). Then
1
[
M co(H)
]
⋊H = H [M ]
is the braided bialgebra of type one associated to H and M in M.
Proof. By Theorem 7.4 1
[
M coH
]
⋊H = H
[
M coH ⊗H
]
≃ H [M ] is the braided bialgebra of type
one associated to H and M in M. 
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